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Impedance (Z) and Admittance (Y) Matrices
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Let V = Vz,andl_[lz.

ThenV=Z2I,and | = YV.

Z= {Z” 212} is called the impedance matrix.
2oy Zoo

Y = {Y” Yﬂ is called the admittance matrix.
Yor Yoo



Properties of Z and Y Matrices

Ofcourse, Y =Z"1,andZ =Y.
Advantages of Z and Y:

® Provide a simple description.
e Can be generalized to n-port networks.
Disadvantages of Z and Y
¢ Do not help for cascaded connection of two-port networks.
* Not easy to see how the load impedance gets transformed.



The Cascading of Two-port Networks

This is the most common way of combining two netwoks.
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* Given Zx and Z;, how do we find Z of the cascaded network?
® Given Yx and Y;, how do we find Y of the cascaded network?
¢ No easy answer.

Another matrix, the transmission matrix, or the ABCD matrix description provides
the simplest way to work with a cascaded network.



The ABCD Matrix
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Points to note:

¢ Input V and | are given in terms of output V and |.
¢ The output current flows out of the block.

A B} is called the transmission matrix.



The ABCD Matrix of a Cascade Connection
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So the ABCD matrix of the combined network is
A B o .AK BK .AL BL
[C D:| - CK DK CL DL
which is nothing but the product of the ABCD matrices of the component networks

from left to right.
This makes the ABCD matrix very useful in studying practical networks made by

cascading simpler networks.



ABCD Matrix Elements

Input Iiﬂ IDL.I[ Qutput
+

Vin Vout
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Vin - -Avout + Blout
/in =C Vout + D/out
Measurement definitions:

A==l JandB= /o .
out loul:O out Vout:0

= ,and D = Jo- :
out l()ut:() out Vout:o

Dimensions: A and D are dimensionless. B is an impedance. C is an admittance.
Note that .4 and C are measured with the output open circuited, while 5 and D are
measured with the output short circuited.

Note: The open circuit transfer function T(s) =



Impedance Transformation

Input |in IDLJI Qutput
* A B
Vin C D Vout Zigad
- -
Zin

Z _ ﬁ _ AVoutBlow Avout//out+8 _ AZout+B
m = lin - Cvout+Dlout - cvoul/loul+D - CZ]oad+D

since Vout/lout = Zload-
Mobius transformation or linear fractional transformation.
Where else do you see such transformations?




Series Element

Iin z qut
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Note: The element must be written as an impedance.

Vin = Vout + Zlout

lin — lout — 0 Vout + Iout

N [A B] 1z
C D 0 1

What is the determinant of this matrix?



Shunt Element

Note: The element must be written as an admittance.
Vin = Vout = Vout + Olout
lin = Yvout + Iout
A B (1 0
[C D] Y 1
What is the determinant of this matrix?



Ladder Network as a Cascade

Ladder Network

A ladder network can be considered as a cascade of series and shunt elements.



The Voltage Divider

Ry
AT

lInput 2
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The ABCD matrix of this network is
A B 1 Ry 1 0] [1+Ri/R: Ry
e o=l Ve 3=l R T
Verify that T(s) = 4 = g2
Note that for the shunt resistor, the entry in the matrix was for the C element, and
was converted to the admittance 1/R first.




The RC Lowpass Filter

R
*—AAA—T——n

Input = C

The ABCD matrix of this network is

A Bl _[1 R|[1 0] [1+sRC R
cC Dl |0 1]|sC 1| sC 1
1

Verify that T(s) = & = 7150 = o = s

where wg = 5.



The CR Highpass Filter

IIG
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The ABCD matrix of this network is
A Bl 1 L1 0] [+ o=
c D0 1| 1] £ 1

Verify that T(s) = % 1 s_—_8

1= 17 stwp’
1+3mc S+gc +wo

where wg = 5.



A Bandpass Filter
Ry Co
e
Input TC1 EZRE

The ABCD matrix of this network is
A Bl _[t BI[1 o[t &]|[1 O
C D| |0 1]||sCy 1|]o 1 ,,;2 1

_[1+sRCr R 1+ sme s
SC1 1 Riz 1
We only write down the 4 element of the resulting matrix.
R, , RC 1
- 1
At what frequency is T(s) =  real?
Answer: fy = !

21\/RiRaC1 Co
What is T(s) at that frequency?

: R, , RiC
Answer: 1/(1+ gt + g'&).




SPICE Code

File rccr.cir:

Bandpass RCCR Filter

R b b b S dh Sh Sh Sb b b b b b g dh  Sh Sh Ib b b b b S 4
VIN 1 0 AC 1

R1 1 2 10k

Cl 2 0 10n

C2 2 3 10n

R2 3 0 10k

.AC LIN 1000 10 3k

.control
run

plot vm(3)
plot vp (3)
.endcontrol
.END



SPICE Results: Magnitude Plot

On Linux, you can type
ngspice rccr.cir

acl: bandpass rccr filter o (o

400,10

00,0

.
200,10

100,00

0,0

0,0 1.0

frequency  kHz




SPICE Results: Phase Plot

acl: bandpass rccr filter ¥ = [d

freguency kHz




Available SPICE Software

¢ ngspice for Linux and OpenBSD (Recommended)
¢ | Tspice for Windows



Making a Sinewave Oscillator

Let Ry = Rg = R, and C; = C> = C in the circuit discussed.

Then fy = 5=~

If R= 10kQ and C =10nF, fy = 1.591 55kHz.

T(s) at this frequency is 1/3.

So if we make a voltage amplifier of gain +3, we may be able to make a sinewave
oscillator if we use this circuit in the feedback path.



Circuit Diagram: No AGC

W23

H+C A

Will either fail to oscillate or give clipped output.






Bad Output: Clipped output

W poopp CH| 0§ 0,19 V |

o = = = T 9Dac



Circuit Diagram: With AGC

Bulb

A
Lk

Can be made to work very well.
The success of Hewlett-Packard HP200A!
Note: HP200A uses a Wien bridge circuit which is slightly different.



Wien Bridge Circuit

R ||E‘
—W || J_ .
Input EET HE
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Note: Not used in our circuit.






Good Output: No clipping

A poopp OW] 0§ F0.19V |




The ABCD matrix ...
e ...simplifies circuit analysis.
e ... will often be used in this course.



¢ Used for selecting some frequencies and rejecting others.
e Some common uUses:

® Reducing noise

® Frequency division multiplexing

® Enhancing one harmonic of a periodic signal
e QOur plan:

@ Study simple filters or building blocks
@® Combine these building blocks to make more complex filters



Example 1: RCCR BPF

Recall that
A=8SRCy +1+ % + g;g; + —SRlcz.
So
T(s) = + = Fic;S




Example 1: RCCR BPF T(s) in Standard Form
Ry Co

F——o

Irput TGI EZHE

Comparing with the standard form we see that

1
T RRC G

R.C
R,C»

1+ e

1
R, C
1+F? + ARG




Example 1: Special Case

R C
1 |_2—'

Irput TE| ::HE

If R1 = Rg = R, and C1 = CQZ C, we have
1

wo —

RC
1
Q=3
1
=3

Not very selective at all!



Example 2: RCRC LPF

Ry R

Input C
T TC

Compute the ABCD matrix of the network to show that
A= 32R1 R>CyCo + (Fﬁ Ci+RiCo+ RQCQ)S + 1.
So

1
T(s) 1 RiRCiCo
A 32 + R Ci+hRy CQ+RQCQS+ 1
RiR>CyCo Ri{R>C1Co




Example 2: RCRC LPF T(s) in Standard Form

Ry R

Irput I IC
1 T

Comparing with the standard form we see that

1
N RRG G

VR1R2C1Co

Q:ma+m@+@@

H=1



Example 2: Special Case

Ry R

Input C
T TC

If Ry = R = R,and C; = C> = C, we have




Example 3: BPF from the Parallel RLC Network

L TC Output

S
T(s)=
S+ 5+ 16

Comparing with the standard form we see that wg = ¢1Tc Q= \/LRTc’ and H = 1.

Note that the expression for Q here differs from the expression that was derived
for the BPF based on the series RLC circuit.

Here Q is proportional to R, there it was inversely proportional to R.



Example 4: LPF from the Parallel RLC Network

L
—

Irput +E EEH

1
T(s)= L&
N

Comparing with the standard form we see that wg = \b Q= \/’5/70, and H = 1.

This circuit is used for impedance matching in industrial applications.



Example 5: HPF from the Parallel RLC Network

IE
o—II .
Irput %L EEH

T s

§)=————

e

Comparing with the standard form we see that wg = \/1?0 Q= \/IL:{Tc’ and H = 1.

This circuit is also used for impedance matching in industrial applications.



Why RC Filters?

¢ Inductors are practical at high frequencies.

¢ At audio frequencies, inductors tend to be bulkier and more expensive
compared to resistors and capacitors.

® So there is a desire to make audio frequency filters using resistors and
capacitors only.

¢ But, passive RC second order networks seem to have low Q.
* How can we get more Q7

* The answer is the active filter.

¢ Active filters use amplification to compensate for the losses.



Q-Enhancement using Positive Feedback

Consider a second order BPF whose transfer function is

Hogs
0
Tols) = &7 05+ why

The extra 0s in the subscripts are there to indicate original parameters.
Now let us use positive feedback as shown.
Second Order BFF
Vi Vo
To(s)

A L
Positive Feadback™d

What is the new transfer function?




New Transfer Function

Vo = To(s)(V; + a Vo)
Vo(1 — aTo(s)) = To(s) Vi

7 To(s)
T(s) =+ =1 —gTo(s)

Substitution of the expression for Ty(s) and simplification gives us
Ho%‘fs

24+ (1- aHo)%OSS—f—wgo

T(s)



New Parameters

Comparing with the standard form

wo
T(s)= 5 8%
s2 + B+ wi

we see the following.
wo = wop- Centre angular frequency does NOT change.

Qo
Q_1—04H0
Ho
H = 1—aHy

Both Q and H are enhanced by the factor 1_17,40
We need to be careful. If aHy exceeds 1, the circuit will oscillate.



Q-Enhancement

The positive feedback scheme that was described can be implemented using two
operational amplifiers.

In practice, only one operational amplifier may be enough.

Not only second order BPF, even second order LPF and HPF circuits can have
their Q enhanced using amplifiers.



