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Simple RLC Circuits as Building Blocks

@ First order RC or RL circuits.
® Second order RLC circuits.
@® Second order RC circuits. (To be discussed in the next class.)
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RL HPF
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First Order LPF Transfer Function
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So | T(jwo)| = 1/v2.
For |w| > wo, | T(jw)| = wo/|w!.



First Order LPF Pole-zero Diagram
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Has one pole and no zero.



First Order LPF TF Magnitude Plot
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First Order LPF TF Phase Plot
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First Order HPF Transfer Function
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/T(jw) = arctan(wp/w) = m/2 — arctan(w/wo).

So |T(jwo)| = 1/v2.
For |w| < wo, | T(jw)] ~ [w]/wo.



First Order HPF Pole-zero Diagram

: ©®
s=0+|m plane

Fa u

—(,

Has one pole and one zero.



First Order HPF TF Magnitude Plot

| T (jeo)

142



First Order HPF TF Phase Plot
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First Order LPF and HPF TF Magnitude Plots
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First Order LPF and HPF TF Phase Plots
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Comparison of first order LPF and HPF having the same wy:
¢ Phase shift is often easier to measure.
¢ Both LPF and HPF have similar looking phase plots.
¢ HPF phase leads LPF phase by a right angle.



The Series RLC Circuit
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The Series RLC Bandpass Filter
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The Second Order Bandpass Transfer Function

Write [ = w2, and £ = 2a to get
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For small loss, that is for small R, or for small «, T(s) has poles at

- :i:jw/wg — a2,

So «a is the decay constant.
wo is the angular frequency of oscillations for no loss.



Magnitude Response in the Frequency Domain
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Centre Angular Frequency

Whenis | T(jw)| = 1?
This happens when w = +wy.
At other values of w, | T(jw)| < 1.



Half-power Angular Frequencies

When is | T(jw)| = - ?

gﬁ\

This happens when = +1.
Or, w? — w% = +2aw.

The two quadratic equations are,
w2—2aw—w(2):0,

and

w2+2aw—w(2):0.

The positive root of the first quadratic equation is w; = « + y/a? + w(z).
The positive root of the second quadratic equation is w_ = —a + /a2 + wg.
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Magnitude Plot of the BPF Transfer Function
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Note that w w_ = w3. Half-power angular bandwidth: Aw = w; — w_ = 2a.

Quality factor
Wwo _ wo

T Aw 20



What is Q?

Q is a measure of the selectivity of the BPF. Note that this definition in the
frequency domain is the original, exact definition of Q.
Note that 2o = Aw = 3.
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Remember that wy is the geometric mean of w, and w_.
It is NOT the arithmetic mean of w; and w_.



| T(jw)| for Q =10
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| T(jw)| for Q =0.6
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BPF Phase

T(jw) = 2afw B Jwwo/Q B 1 )
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Phase angle is
LY — Yo @
T(jw) = arctan <Q < - wo)) ) (2)

Special values:

e /T(jO)=m/2.
® /T(jwo) = 0.

o [T(joo) = —7/2.
o [T(w_)=n/4

o [T(js) = —7/4.

Phase is important because it is often easier to measure.



Phase Plot of the BPF Transfer Function
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Phase is easier to measure!



BPF magnitude and phase on the same plot

rIT'[ii'i"}I

TN
T MAGNITUDE

o, O, ®

12

w2
N m
—T/4 \

-T2

BPF MAGNITUDE AND PHASE PLOTS FORQ =25

~—_ PHASE _




BPF Transfer Function Rewritten
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T(s)

Since 2a = ”—Cg,
gs
TS = — 22—
(5) s% + 85+ Wh
This is the standard form of the transfer function of the BPF.
For the series RLC BPF,
wo =1/VLC,

and ]

Q wo  Vic L/C

A
For other circuits or physical systems, these expressions will need to be
determined in terms of the parameters of that system.



General Second Order BPF Transfer Function

wo
T(s) = 520",
s2 + Bs+ wf
wo: Centre angular frequency

Q: Quality factor
H: Gain factor



Second Order BPF Pole-zero Diagram
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Shown for Q > % Has two poles and one zero.



Second Order BPF Pole Locations

Find zeros of % + 95 + w§.

Case Q > } (Underdamped)
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Complex conjugate pair of poles. 515> = wg.

Case Q = } (Critically damped)

S1 = So = —wp.

Equal, negative real poles.



Second Order BPF Pole Locations

Case Q < § (Overdamped)
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Unequal negative real poles. s1s, = wg.



The Series RLC Lowpass Filter

Simplify to get




Second Order LPF Magnitude Response

2
W,
T(jw) = 52—
Ry
At what frequency is | T (jw)| maximum?
The numerator is constant. The square of the magnitude of the denominator is
2 2 2 2

wew wew
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We will try to complete squares here. The result depends on the value of Q.



Magnitude Response (continued)

If Q < 1/v/2, all terms are non-negative and the denominator is an increasing
function of w.

In that case, | T(jw)| has a maximum value of 1 at w = 0. For any other w, | T(jw)|
is a monotonically decreasing function of |w|. We then say that there is no peaking.



Magnitude Response (continued)

If Q@ > 1/+/2, we can complete the square to get the denominator magnitude

squared as
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So | T(jw)| is maximum when

wl =w =wo\/1- 555

| T(we)| =

This gives rise to peaking.
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Case of No Peaking
Q = 0.524338

BPF  HPF
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T(jw) Phase
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Note that THpF(jw)/TBpp(jw) = jQw/wo, and TLpF(jw)/TBpF(jw) = —jQwo/w.
So for positive w, the HPF phase leads the BPF phase by 7 /2, while the LPF
phase lags the BPF phase by 7/2, as the plot shows.
In the same way, for the first-order case, HPF phase leads the LPF phase by /2.
Points to note:

¢ Unlike the magnitude plots, the phase plots are monotonic.

e HPF, BPF, and LPF phase plots are very simply related to one another.

® Phase is often easier to measure.



General Second Order LPF Transfer Function
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wo: Centre angular frequency

Q: Quality factor

H: Gain factor



Second Order LPF Pole-zero Diagram
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Shown for Q > % Has two poles and no zero.



The Series RLC Highpass Filter
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HPF Magnitude Response

If Q > 1/v/2, show that | T(jw)| is maximum when

wo
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| T(wr)| =

Note that w;wy = wg, even though wy and w; refer to different types of filters.
If Q < 1/+/2, then there is no peaking.



General Second Order HPF Transfer Function
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wo: Centre angular frequency
Q: Quality factor
H: Gain factor



Second Order HPF Pole-zero Diagram
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Shown for Q > % Has two poles and two zeros.



Notation and Terminology

Note that even though the second order LPF and HPF are not really bandpass
filters, we still use the notations wg and Q.
The meanings are different, even though the expressions are the same.

Broader Use of Q

Not all tuned systems are second order systems.
Still, the symbol Q is used in such systems.
One should be careful in such cases.



RLC Circuit Second-order Transfer Functions: LPF, BPF, and HPF

Finally, here are the second-order transfer functions connected with the series

RLC circuit.
LPF (Lowpass Filter):

BPF (Bandpass Filter):

HPF (Highpass Filter):

2

w

Tipr(S) = m~ 3)
wos

TBPF( ) Sz—i-Q—S—I—wO (4)
32

THPF( ) PR (5)

s2 + B s+ wi

For the series RLC circuit, wg = 1/VLC, and Q = ¥ /
When discussing a particular type of filter, the subscrlpt of T may be omitted.



General Second-order Transfer Functions: LPF, BPF, and HPF

Due to the presence of attenuation or amplification, in general, a second-order
filter will have a gain factor as shown in the following expressions.
LPF (Lowpass Filter):

Hew?
Ty —0. 6
Ler(S) = 2 “0s+ Wl ©
BPF (Bandpass Filter):
HEs
T —. 7
e (S) = §2 4+ D5+ wh 7
HPF (Highpass Filter):
Hs?
Tupr(s) = (8)

2+ Ds+wh

H is a gain factor that may be positive or negative.
Its magnitude may be smaller or greater than 1.



