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Abstract

Dirac particle represents a fundamental constituent of our nature. Simulation of Dirac particle
dynamics by a controllable quantum system using quantum walks will allow us to investigate the non-
classical nature of dynamics in its discrete form. In this work, starting from a modified version of one-
spatial dimensional general inhomogeneous split-step discrete quantum walk we derive an effective
Hamiltonian which mimics a single massive Dirac particle dynamics in curved (1 + 1) space-time
dimension coupled to U(1) gauge potential—which is a forward step towards the simulation of the
unification of electromagnetic and gravitational forces in lower dimension and at the single particle
level. Implementation of this simulation scheme in simple qubit-system has been demonstrated. We
show that the same Hamiltonian can represent (2 + 1) space-time dimensional Dirac particle
dynamics when one of the spatial momenta remains fixed. We also discuss how we can include U(N)
gauge potential in our scheme, in order to capture other fundamental force effects on the Dirac
particle. The emergence of curvature in the two-particle split-step quantum walk has also been
investigated while the particles are interacting through their entangled coin operation.

1. Introduction

Quantum walk, an effective algorithmic tool for simulating quantum physical phenomena where classical
simulator fails or when the computational task is hard to realize via classical algorithm, has been shown to be
very useful for realization of universal quantum computation [ 1-3]. The similarity between discrete quantum
walk (DQW) and the dynamics of Dirac particles [4—12], at the continuum limit, elevates the DQW as a potential
candidate to simulate various phenomena where the Dirac fermions play a crucial role [ 13—15]. With
advancement in field of quantum simulations where many quantum phenomena are mimicked in table-top
experiments, algorithmic schemes which can simulate Dirac particle dynamics in quantum field theory has
garnered considerable interest in recent days. Simulation of Dirac particle dynamics in the presence of the
external abelian and nonabelian gauge field by DQW has been recently reported [16, 17]. Other recent works
[18, 19] investigated the inhomogeneous DQW that mimics the Dirac particle dynamics under the influence of
external gauge-potential and curved space-time as a background. Two-step stroboscopic DQW with space-time
dependent U(2) coin operator was used to produce gravitational and gauge potential effect in single Dirac
fermion, but their approach was unable to capture mass, gravity and gauge potential in one Hamiltonian

[18, 19]. A generalized single particle Dirac equation in curved space-time was derived from a special DQW—
grouped quantum walk (GQW )—which needs prior unitary encoding and decoding at last [20-22]. DQW with
SU(2) coin operator parameters which are spatially independent but depend randomly on time-steps, has also
been studied in the context of random artificial gauge fields [23]. The randomized coin parameters which mimic
random gravitational and gauge field act as transition knobs from non-classical probability distribution to
classical probability distribution. A DQW with a single evolution step which contains four spatial shift
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operations—mimics the Dirac evolution under influence of gravitational waves in (2 4+ 1) dimension—was also
recently reported in [24]. In [25], it is shown that the SS-DQW, where the coin parameters are space and time-
step independent, can capture properties of the discretized Dirac particle dynamics in flat (1 + 1) dimension,
while conventional DQW is unable to capture all properties of it. This motivates us to generalize the SS-DQW
operation and study the consequences of it.

In this paper starting from a slightly modified version of the single-step split-step DQW (SS-DQW) [26]
whose coin operators are time and position-step dependent (inhomogeneous both in time and space), we derive
aSS-DQW version of the (1 + 1) dimensional massive Dirac particle Hamiltonian under the influence of the
U(1) gauge potential in curved space-time. This scheme is realizable in various physical table-top system as the
SS-DQW has been proposed and successfully implemented in various systems like cold atoms [27],
superconducting qubits [28, 29], photonic systems [30, 31]. Our scheme can also describe the (2 + 1)
dimensional Dirac Hamiltonian in curved space-time when one component of momentum of the particle
remains fixed. We provide realization of our simulation scheme using qubit systems. This scheme doesn’t
require any prior encoding or decoding, nor it demands extra conditions on the coin parameters in order to
satisfy the boundedness (well-defined eigenvalues) of the generator which is the effective Hamiltonian in our
case, i.e. the unitary operator should start evolution from identity while the parameter of the corresponding lie
group evolves from zero to a nonzero real value. Our coin operations are general U(2) group elements in coin-
space. After considering all the terms up to first order in time-step size 7 and position-step size a we have derived
the effective Hamiltonian. While considering higher dimensional quantum system, i.e. qudit instead of qubit
system, our scheme will capture more general background U(N) gauge potentials as done in [16]. The
modification of the evolution operator from the conventional SS-DQW evolution operation is not contradictory
with the result obtained in [25]. In the [32, 33] cold-atom implementation of Dirac particle dynamics in curved
space-time has been discussed, but their approaches started by discretizing Hamiltonian or Lagrangian, while in
our case we started from unitary evolution operator discretized in space-time.

We extended our study for the two particle case following the same procedure that we have taken for the
single particle case. Extension of single-particle DQW with entangled coin operation has been previously studied
[34-36]. Two-particle quantum walk under position dependent or independent coin operations which are
separable in their coin degrees of freedom, has been investigated [37-42]. Here we study a two-particle coined
SS-DQW whose coin operations are both position and time dependent and entangled in coin degrees of freedom
of the individual particle—the interaction comes solely from the coin operation, while no interaction among the
particles is present via their spatial shift operations. We choose a particular kind of entangled coin operators to
demonstrate how the curvature and entanglement in coins enters into the two-particle Hamiltonian. The
existence of discrete space-time steps may help us to study the Planck scale physics [43, 44]. But in that case
simulation of SS-DQW by two-period conventional DQW [31, 45] is not feasible, because of the existence of the
fundamental (strictly constant) length scale.

This paper is organized as follows. In section 2, we describe how an effective Schrodinger like equation can be
derived from the standard Dirac equation in curved space-time. In the next section 3 we will describe the
conventional form of SS-DQW whose coin operation depends on both space and time steps. In section 4, we
describe our modification to the SS-DQW and derive the effective Hamiltonian. Section 5 describes a special
choice of coin operation that will produce a Hamiltonian in (1 + 1) dimensional curved space-time with special
metric and gauge potential, we have also describe how we can capture (2 + 1) dimensional Dirac particle
dynamics by looking at the (1 + 1) dimensional version of the derived Hamiltonian. In section 6 we
demonstrate the implementation scheme in qubit system. In section 7 we discuss one possible way to include
U(N) gauge potential effect in our scheme. In section 8 we extend our single-particle (1 + 1) dimensional
SS-DQW scheme to a two-particle case. We concluded with remarks in section 9.

2. Effective Hamiltonian corresponding to the standard Dirac equation in curved
space-time

The general curved space-time Dirac equation [46, 47] is written as
(iﬁe(ﬁ) @ Vi — me*)y = 0, (D

where the covariant derivative V,, = 9,, 4+ I' ; while in presence of U(1) gauge potential, V,,= 9, + I',, — iA,
~ are local y matrices and satisfy the conditions: {y®, @} = 2p®@ x Identity matrix. In general, for

(1 4+ 1)and (2 4+ 1) dimensions the y matrices can be expressed in terms of the conventional Pauli matrices
—{ 0y, 0y, a3} like: vO = 7.5, v = ifi| .7 are chosen in such a way that the sign-convention of the flat space-
time metric: 0@ = 1, OO = OO = o OO = —1will be obeyed, where # and 7, are mutually
orthonormal. The identity matrix in this case will be expressed as o. The torsion-free and metric compatible
connection is defined as
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delD 1
Fﬂ == _S(C)(d)e(C)V F)\ (d) > where Fg\-u = _gVU (6)\g;w + 6ﬂg/\l/ - 8Vg;u\)’ (2)
4 ax 2
and S are the flat spinor matrices defined as S 4y = %[%c)) Yayl- Ay are the external U(1) gauge potentials
which themselves carry the coupling strength. e(h) are the vielbeins, which relate the local and global co-
ordinates. The metric is defined as g = e, e(y n®@.
Now after using some relations of local ’y( )
write the above equation (1) as follows,

matrices (see appendix A for detailed derivation), it is possible to

i7 0 ) N i,
—7“” [{ €y (@ - lAu)} ey ]1/) + =By = me*y, 3)
where

1 DeD

B\ = —¢ e(b)pe(c)y
(a) 2 (@) () (c)(d) Oxh

For (1 4+ 1)and (1 + 2)dimensions €u)) () () is always zero, so B,y = 0. Then it is possible to write the
equation (3) in standard Schrodinger equation form as, i/ % = Hy, applying a transformation to equation (3),

X = (—g)i le@) ]21p as done in [46], where g = det(g,,) is the determinant of the metric, and ey=el = 0.The
corresponding effective Hamiltonian takes the form,

H = —/A, +ca<“)l (“)]pl w2 le(“)] facx “‘)l (“)]A +ﬂ— )

e 2 od| e 0 e

where a® = 3. 4®, 3 = 40,i = 1,2and p, is the momentum operator corresponding to the coordinate i.
For detailed derivation of the above Hamiltonian, see the appendix A.

In proper notation Ay, A;, and all the vielbeins are functions of two position coordinates x, y and time #such
that, in place of them >y Ao(x, y, 1) lx, ¥) {x, |, >y Ailx, y, 1) lx, ¥) {x, |, ey el (% s Dx, y) (x, yl
should be used respectively. Also, as the -y matrices representing coin space which is different from the position
Hilbert space, should be written as tensor products. So, the proper form of this Hamiltonian is

€ (x) > t)
H=—70y® Y Ao, y, DIx, y) (x, y| + ca® ® Z %
X,y X,y e(O) (-x) )/) )

25®ZMI L y) (% ¥l
X,y e(O)(x) )/, )

ﬂ e(a) (x> )/> t)
5% 8xi e((())) (x) V> t)

lx, y) (x, y1p;

_ @a(ﬂ) ®

Gy t
]|x, Yoyl — 0@ 3 0Dy e eyl 6)

X,y e(O) (x) V> t)

In case of fundamental particles, the mass m(x, y, t) = m will be independent of position and time, but for
emergent particles which appear in condensed matter systems, the mass can in general be a function of position
and time. For (1 + 1) dimension the variable y will not be present in equation (5).

However, for notational convenience we will express the Hamiltonian given in equation (5) as follows,

= — /10y ® Ag + ca® @ (“) b — e o g 2 (“) — 7@ @ (”) A+ 2B —. (6
0 2 Ox'| e e et

3. General split-step DQW

As the conventional DQW is a discrete quantum version of the classical random walk [48-50], the SS-DQW is a
generalized version of the conventional DQW, first introduced in [26]. Multiple evolution parameters give more
control over the evolution of the walk to engineer the dynamics at our desire. The general single-particle SS-
DQWin (1 + 1) dimensional space-time can be defined as a unitary evolution operator that evolves a state

|1 (¢)) at time ¢ to astate [ (¢t + 7)) attime ¢t + 7,

Ui, 1) =81 -C(t, 7)-S_- G(t, 1) )

acting on the Hilbert space H, ® H, where H,. = span{(1 0), (0 1)"}is the coin Hilbert space and
H, = span{|x): x € aZ or x € aZys} is the position Hilbert space. The general state |1 (t)) € H, ® H, forall
discrete time-stept € 7 x ({0} U N).
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Here the unitary coin operation is defined as

i) FE(x, t,7)  Gj(x, t, 7)

Ci(t, 7) = S ® 8
]( T) ; e~ —G;-k(x, t, 7_) F;k(x’ t, 7_) |x> <x| ( )
forj = 1,2, subject to the condition |E(x, t, T) P+ |G (x, t, P = land §j(x, t, T)arereal forall x, ¢, T.

The x, t dependence of the functions E(x, t, 7), Gj(x, t, T), £j (x, t, T) implies inhomogeneity of the coin
operation both in position and time steps. Here F;(x, t, 7), Gj(x, t, T) represent the elements of SU(2) group
operation and after including £ (X% £, T), we have a general U(2) group operation on coin space [25].

The coin state dependent position shift operators are defined as

s+§(é 0) b+ ay+ (3 0) @ b s_ng((l) 0) @b+ (5 9) @ - a)
©)

These position shift operators act homogeneously on all positions, at all time steps. The usual implementation
method of the unitary operator U which implement one complete step of SS-DQW is in the following order—
the coin operation C (¢, 7) is followed by the shift operation S_ which is further followed by the coin operation
C, (¢, 7) and then the shift operation S, . Here S.. are by definition unitary operators. The coin operations are
generalized U(2) operations on the coin space while they keep the position state of the particle intact, but the
parameters of this U(2) operation depend on the position of the coin. S, shifts the particle one-step further in
position points along the direction of increasing x if the coin state of the particle is in the up-state or (1 0)" and
does nothing if the coin state of the particle is in the down-state or (0 1)'. S_ does nothing if the coin state of the
particle is in the up-state or (1 0)” and shifts the particle one step further in position points along the direction of
decreasing x if the coin state of the particle is in the down-state or (0 1)”.

Using the expressions given in equations (8)—(9), the whole evolution operator in equation (7) can be written

in the form:

00
01

00

01
)® UOl(t) 7—) + (1 0

00

10

00 )®Ulo(t,7)+<

U, )= ( ) ® Upo(t, 7) + ( ) ® Upn(t, 1), (10)

where

Upo(t, 7) = D ella@tD+&enDIE (x, £, T)Fi(x, t, 7)|x + a) (x]

X

— b NHGE—atDIG) (x — a, t, T) Gy (x, t, T)|x) (x],
Un(t, 7) = Z ei[fl(X,t,T)Jrfz(X,t,T)]FZ(x, t, )Gi(x, t, T)|x + a> <x|

X

+ el E@ENHGEatDIG,) (x — a, t, T)F(x, t, T)|x) (],
Uo(t, 7) = ), — ela@tnHGEIIGH(x, 1, T)Fi(x, t, 7)|x) (2]

X
— el GE—atIIE x — gt 7) G (x, t, T)|x — a) («],

Ull(t) 7_) = Z - ei[fl(x,t,7)+£2(x,t,T)]G;‘(X’ L, T) G](X, t, 7‘)|X> <X|

X

+ et GE—at IR x — gt T)F(x, t, T)|x — a) (x]. (11)

The effective Hamiltonian Heg (¢): ijf (t) = Heg (¢) is defined by

_ _ vHeff(t)T
u(t, ™) = exp( 175 )

12)

Because of the inhomogeneity of the evolution operator in space-time in equation (7), it is difficult to
diagonalize the whole operator and derive the effective Hamiltonian as done in [25]. Instead of that, we will
derive the Hamiltonian by Taylor series expansion with respect to the variables 7, a assumingthat 7, a = ¢7
have the same order of magnitude and lim,_,oa = 0 (as we are taking c as a finite constant).

Ut ) = lim UG, 1)+ lim L&D VGO, e S (o — %Heff(t) ¥ (13)
7—0

=0 T x€aZ

and hence the relation between system state at time steps tand t + 7 can be written as follows
o+ ) = Ul D) = 16(0) = —Har (01(0) + O (14)

So, the effective Hamiltonian can be derived from the expansion upto the first order in 7. But the zeroth order
terms of the unitary operator:
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Uno(t, 0) = Y e/la&t0+G000I(E, (x, 1, 0)Fi(x, 1, 0) — Ga(x, £, 0)G;'(x, £, 0)} |x) (],

X
Upi(t, 0) =Y el 0+ &En0IE) (x, 1, 0)Gi(x, t, 0) + Ga(x, 1, 0)F(x, £, 0)} |x) (],

X

Uno(t, 0) = = ella@t0+ &0t GH(x, 1, 0)Fi(x, £, 0) + F(x, t, 0)GJ(x, £, 0)} |x) (x],

X
Un(t, 0) = =) e/ l&aet0 600G oy, 1, 0)Gi(x, £, 0) — F(x, t, 0)F(x, £, 0)} |x) (x| (15)
X
will not simply be equal to the identity operator unless some constraints on the functions & i (x, t, 0), Fi(x, t, 0)
and Gj(x, t, 0) have been imposed. The zeroth order should be equal to the identity operator both in position
and coin space in order to make the Hamiltonian, abounded operatorat a — 0, 7 — 0 for the validity of
Taylor series expansion in equation (13).
We are assuming that the £ f (x, t, 7), FE(x, t, 7), Gj(x, t, 7)areanalytic functions of 7, so that we can do
Taylor series expansion of them as well as the overall SS-DQW evolution operator.

E(x, t, 1) = B, 1, 0) + 7 f,(x, 1) + O(?), Gi(x, 1, 7) = Gy, 1, 0) + 7 g(x, 1) + O(7?),

§i(x, t, )= &(x, 1, 0) + TAi(x, 1) + O(TH). (16)
Imposing the condition that |F;(x, ¢, T)|* + |Gj(x, t, T)|* = 1forall x, ¢, 7;as the coefficient of 7" should
be zero separately for each n, where n € N; we get

RIF (x, t, O)f;k(x, t) + Gj(x, t, 0) g;.“(x, )] = 0. 17)
From the condition

|Fi(x + a, t, 0)]* + |Gj(x + a, t, 0)|* = |F(x — a, t, O)]* + |Gj(x — a, t, 0)|?
= EG 6 O + [Gix, £, )2 = 1

we have a difference equation
F(x + a,t, O)F;k(x +a,t,0) — Fx, t, O)F]*(x, t,0) + Gj(x + a, t, O)G]*(x + a, t, 0)
— Gj(x, 1, 0)Gi(x, 1, 0) = 0

which, after expansion upto the first order in a gives
R[E(x, 1, 0)8xF;'k(x> t, 0) + Gj(x, t, 0)8xG;‘k(x) £, 0)] =0, (18)
where we have defined

8xF;-k(x, t, 0) :== lim l[F;-k(x +a,t, 0) — Ff(x, t, 0)] = lim l[F;k(x, t, 0) — F]*(x —a, t, 0)].
a—0qa a—0a

The similar definition will be used for the functions F(x, ¢, 0), Gj(x, t, 0),

G;k (x, t, 0), Ej (x, t,0) V j =1, 2. We further assume that all the higher order difference equation in a of all
these functions are well defined, so that, at the limit a — 0, we can neglect higher order terms compared to the
first order term in a in the Taylor series expansion with respect to the variable a.

4. Modified evolution operator and effective hamiltonian

Our conventional single-particle SS-DQW evolution operator does not directly satisfy the condition

lim, o Ut 7) = gy ® Y, |x) (x| in equation (15), unless we impose some extra conditions on the functions:
E(x, t,0), Gj(x,t,0), & ;(x; £, 0). But there may be a possibility that finding the valid conditions is not simple
or may be the limit itself does not exist. Moreover, the condition will reduce the number of independent
parameters. So, instead of using U (¢, 7) as our evolution operator we will use UT (¢, 0) U (¢, 7). Let’s denote
Ut, T) = UT(t, 0) - U(t, 7)where UT(t, 0) = C/'(t, 0) - C; (t, 0). Wecansee Z(t, 0) = oy ® 3, |x) (x|
Note that this modification won’t affect the relation of Dirac cellular automaton (DCA) and SS-DQW
established in [25], because in that case UT (¢, 0) = 0y ® 3, |x) (x|. We can write the matrix form of the
modified evolution operator % (¢, 7) in the coin basis as:

wen =(§ 0) o we.n+ () ) wen + (0 §) o mte )+ (§ ) @ me . a9
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where

Uo(t, ) = Ugy(t, 0) Uno(t, 7) + Ufy(t, 0 Uio(t, 1), Ua(t, ) = Uo(t, O Uoi (8, 7) + Ul (8, 0) Uni (¢, 7),
Uo(t, 7) = Ugi(t, 0 Uoo(t, 7) + Ui (1, O Uso(t, 1), 2ha(t, 7) = Uy (1, O Uni(t, 7) + Ufy(t, 0)Uni (8, 7).
(20
The detailed forms of these operators are calculated in appendix B. Expanding these operators upto first order in

7and a, we can calculate the effective Hamiltonian using the similar form of the equation (13) defined for the
conventional SS-DQW evolution operator, i.e. now we use the definition:

Hag (1) = i lim ~[2(t, 7) — A1, O)]. @1
T7T—0 T

For the detailed derivation of this Hamiltonian see appendix C.1. The derived effective Hamiltonian is of the
form:

3 3
Her (1) = >0, @ > Ee(x, Dx) (x| + ¢ Y, 0 @ D Op(x, 0)|x) (x| p. (22)
r=0 x r=1 x

The terms =, (x, t), ©,(x, t) in Hamiltonian operator are explicit functions of
F(x, t, 0), Gj(x,t, 0), fj (x, t, 0), f] (x, 1), gj(x, t)and A;(x, t) for j = 1, 2. The explicit expressions of
these terms are given in appendix C.1.

Note that, in the standard Hamiltonian in equation (6) in (1 + 1) dimension, the total possible number of

1 1
independent coefficients of the momentum operator p, is two and they are ca® ® :(T‘”, caV @ jT” In the
0) 0)

expression in (22) three independent coefficients are possible, but they do not contain a'® = g, term. So, in
order to match with the existing theory we need to do a careful choice of the coin parameters.

5. When the coin operation of modified SS-DQW is restricted to span{ oy, 01} only

The Hamiltonian, derived in the preceding section corresponds to the general U(2) coin operation. Now we will
consider a special case where the coin operations are only rotations about the spin-x-axis, such that
F(x, t, 7) = cosOi(x, t, 7), Gj(x, t, T) = —isin0;(x, t, 7) and the overall phase fj (x, t, T)willbe
incorporated. Furtherif 0;(x, t, 7) = 0;(x, t, 0) + 7V;(x, t), we have f] = —U;(x, t)sin[0;(x, t, 0)]
and g = —iv;(x, t)cos[8;(x, t, 0)].

In this case:

01 =0, O, = cos[b(x, t, 0)]sin [20(x, t, 0) + O, (x, £, 0)],

05 = %cos [20:(x, t, 0)] + %cos [20,(x, t, 0) + 260,(x, t, 0)], (23)

Sy = /DG 1) + e 0] + %%(x, 60), B = A0 1) + a0 D] — %axez(x, 6 0), (24)

=, = ? SIn[261(x, £, 0) + 205(x, £, )] Dub(x, 1, 0) + i/ic cos[Ba(x, £, O)]sin[f(x, £, 0)
+20,x, £, )19 (6, £, 0)
+ %axgl [cos[20:(x, t, 0)] 4+ cos[26:(x, t, 0) + 20,(x, t, 0)]] + %83(52 cos[26,(x, t, 0)
+ 260,(x, t, 0)], (25)

and

=, = —i/ic cos[0,(x, t, 0)]cos[20(x, t, 0) + O,(x, t, 0)] 001 (x, t, 0) — %cos[Z@l(x, t, 0)
+ 20,(x, t, 0)]0x0,(x, t, 0)
+ /0§, cos[by(x, t, 0)]sin[26,(x, t, 0) + 6,(x, t, 0)] + %&cfz(x, t, 0)sin[26,(x, t, 0)
+ 20;(x, ¢, 0)]. (26)

Note that, for this choice F(x, t, 7) = cos0;(x, t, 7), Gj(x, t, T) = —isin Hj(x, t, 7), the effective
Hamiltonian in equation (22) will reduce to the case of the flat space-time: g** = 7®(® when
0,(x, t, 0) = 61(x, t, 0) = Oforall x, t.
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5.1. Comparison with curved space-time Dirac Hamiltonianin (1 + 1) dimension
Instrictly (1 + 1) dimension, the Dirac Hamiltonian in equation (6) takes the form

1 . 1 1
eﬂ ~ eﬂ eﬂ
H=—/ioy® Ag + ca® @ l(T)]pl _ e il%] — /™ ® [ ()]Al +Bo . Q7

0
€0) 2 Ox| e €() €()

Here we have o) = ay; so, to compare this Hamiltonian with our derived Hamiltonian, given in equation (22),
one possible choice s 6, (x, t, 0) = —26,(x, t, 0), ¢, = 0and ¥ = g3, v = —io, which implies V) = o3.
Then,

el =0, 63 = COS[Z@](X, t, 0)]a @2 =0, EO =/ [)\l(xa t) + )\2(x3 t)] + %89662(3(’ t, O)a
S =72 [0i(x 1) + Dax, D] + /c0:bi(x, 1, 0), Z5 = *};E sin[261(x, 1, 0)]0:&, (x, 1, 0),

=3 = i/c sin[20,(x, t, 0)]0,01(x, t, 0) + %cos[ZGl(x, t, 0)][20:& (%, t, 0) + 0:&,(x, ¢, 0)]. (28)
After omitting all the zero-valued terms, the Hamiltonian in equation (27) becomes

1 . 1 1
e . 1/ 0|e e m
H=—/ioy® Ay + o3 ® |- |p — =03 @ —| | = s @ [ 52 |A + 280 5, (29)
€(0) €(0) €(0)

where we identify 0., (x, ¢, 0) = 0 and

p 2
l:(TD] = cosl201(x, 1, O, Z5— = 210105, 1) + D2 O] + D 1,0, Ag = Mo 1) + Dol ),
() ()

1
e

@)
€(0)

Metric

—c 0.(x, 1, 0) = A = —csec[20,(x, t, 0)]0:§,(x, t, 0),
g0 g0 [e(%) P 0 ) (1 0

0 | = 1 = leo] 2[26 ’
g g 0 7[6(1) ]2 0 —cos [2 l(x1 t, 0)]

In case we want to study the fundamental particle, the mass m should be taken position-time independent, we
can choose e(%) =mc (/i [9,(x, t) + D5(x, )] + A0, (x, t, 0))\. In condensed matter, many kinds of
emergent particles are possible whose masses may depend on both the time and position steps, so, we can set
e(%) = 1which implies mc? = 7 [91(x, t) + D2(x, t)] + 7D0;(x, t, 0).As 0;(x, t, 0) can be an arbitrary
function of x, t but —1 < cos[26,(x, t, 0)] < 1, g11 term of any metric can be captured by this through some
constant value scaling.

(30)

5.2.Numerical simulations

The main purpose of this work is to unify all the possible background potential effects in the single particle
massive Dirac Hamiltonian in its first quantized version and simulate it in an operational form using quantum
walks. For proper depiction one should do numerical analysis for all possible common mathematical forms of
the metric and gauge potentials. So that one can predict the mathematical forms of metric and gauge potentials
corresponding to the experimentally observed phenomena where the metric and gauge potential functions are
unknown. Here in the numerical section we have given examples of few common mathematical forms of metrics
and external gauge potentials. Our numerical results are obtained by considering /Z = 1 unit, ¢ = 1 unit, 7 := %

unitand a := % unit. Here, L should not be confused with the system size, we have used it merely to parameterize
7and a. We choose to work with the mass = m = 0.04 unit. We have plotted the probability as a function of
time (SS-DQW steps) and position for two different cases. This probability is irrespective of the coin state of the
particle, i.e. we have traced over whole coin states at every time-step.

5.2.1. A static metric
For a static case we will run our simulation considering L = 250.

1. Figure 1 is for flat space time without U(1) potential:
e(%) =1, e(ll) = 1, the coin parameter functions are:

7
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Figure 1. Probability as function of 200 time steps of the modified SS-DQW on a flat-lattice with 400 lattice points. The probability is
for Minkowski metric system in absence of gauge potential with mass = 0.04 unit and the initial state used for the evolution is
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Figure 2. Probability as a function of 800 time steps of the modified SS-DQW in a flat-lattice with 200 lattice points. The probability is
for the metric system: g% = 1, g0 = ¢! = 0, g!! = —(x + 5a)? with mass = 0.04 unit and the initial state used for the evolution

is 110) + i [1)] @ |x = 0).

(X, 15,0 =0, NG, t) =0, &80 =0, A(x, 1) =0,
0i(x,t,0) =0= 8x01()€, t,0) =0, (x,t) =0, V(x, t) = 0.04,
=-our rotation angles are:  6;(x, t, 7) =0, O(x, t, T) = %,

our phases are:  &(x, t, 7) =0, &(x, ¢, 7)=0. (31)

2. Figure 2 is for curved space-time without U(1) potential:
We choose to work with e(%) =1, e(ll) =x + 5a.
The coin parameter functions are:

§(x, 1,0 =0, N, t) =0, &(x,8 0 =0, X, t) =0,
0i(x, t, 0) = %cosfl[x + 5a] = Oc0:(x, t, 0) = —%(1 — [x + 5a*) 7,
H(x, t) = %(1 — [x+ 5a*) "2, (x, t) = 0.04, = our rotation angles are:
O(x, t, T) = %cosfl[x + 5a] + %(1 — [x + 5a)2, Oy(x, t, T) = —cos ![x + 5a] + 0.04r,
our phases are:  £(x, ¢, 7) =0, &(x 1, 7) =0. (32)

In figure 2, the probability which spreads only to the right side of the origin is seen.
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3. Figure 3 is for curved space-time with U(1) potential:
Herealsothe e, = 1,e)y = x + 5a.The gauge potential is captured by the parameters:

& (x, t, 0) = 1000xt, N(x, t) = 0.03x, &,(x,t,0) =0, X(x, t) =0.

The other coin parameter functions are:

O1(x, t, 0) = ECOS Ux + 5a] = 0:0i(x, t, 0) = —%(1 — [x + 5aP) 2, Yh(x, 1)
= %(1 — [x + 5aP)72, V(x, ) = 0.04,

= our rotation angles are: 6,(x, t, 7) = 5 cos~![x + 5a] + g(l — [x + 5a*)2, Oy(x, £, T)

=—cos [x + 5a] + 0.047,

0.03
our phases are: & (x, t, 7) = 1000xt + T x) &G, t, ) =0, (33)

5.2.2. A non-static metric
Here we will show the numerical simulation of a non-static case. We will take L = 150.

1. Figure 4 is for curved space-time without U(1) potential:

e(%) = %, 6(11) = ﬁ[cos 4x + sin 4x], the coin parameter functions are:

§(x, 1,00 =0, Mx, t) =0, &(x, 1,0 =0, X(xt)=0,
0,(x, t, 0) = % L 2x = 00(x, 1, 0) = 2, i(x, £) = —2, Da(x, ) = 0.04f,

. 2 0.04¢
= our rotation angles are:  6i(x, t, T) = % + 2x — i Or(x, t, T) = _Z — 4x + ]
our phases are:  &(x, t,7) =0, &(x, 1, 7) =0. (34)

2. Figure 5 is for curved space-time with U(1) potential:

e(%) = %, e(ll) = ﬁ[cos 4x + sin 4x], the coin parameter functions are:
& (x, 1, 0) = 1000xt, N(x, t) = 0.03x, &(x, 1, 0) =0, A(x,t) =0,
0:(x, t, 0) = % +2x = 00i(x, 1, 0) = 2, i(x, £) = —2, Da(x, t) = 0.04t,

. 2 0.04¢
= our rotation angles are:  0(x, t, T) = % + 2x — T O, (x, t, T) = —% — 4x + —,

0.03x

our phases are: & (x, t, 7) = 1000xt + T &(x, t, ) =0. (35)

In this work we should note that the initial state of the quantum walk system is taken to be a pure state
€H. ® H,,and hence under the modified SS-DQW evolution which is also an unitary, the state will remain
pure. As we have dealt with a quantum walk particle which is always in a pure state
[1h(1)) = > (o |0) + Bx |1)) ® |x), ensemble s the collection of the identically prepared quantum walk
systems, all of them are in the state |1/ (¢)) at time-step ¢. But during measurement of position irrespective of the
coin state of the particle, we actually measure on the partial state of the system which is traced out over coin
Hilbert space = Tr.( [¢(¢)) (¢ (¥)]). For example, the ensemble contains total 11y + 1 number of systems, ata
particular time-step all are described by the state |1 (¢)), ny among them are in the |0) coin state and other n; are
in the |1) coin state (after coin measurement). Among the 1, systems 7, systems are in position x, among the n;
systems r, systems are in position x. So the probability to be in the position x is > frequency of coin

state x positional probability of that coin state = Y} “_ x Z.Inthatsense, the probabilities shown in the

j=0 no+m n;
figures 1-5 are the averaged over the coin degrees of freedom and the corresponding probability reads

1

p(x, 1) = (x|Tr(|Y (D)) (W) |x) = E

— 0+ﬂ1 n;

o 5

(36)
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Figure 3. Probability as a function of 800 time steps of the modified SS-DQW in a flat-lattice with 200 lattice points. The probability is
for the metric system: g% = 1, g0 = ¢!® = 0, g!! = —(x + 5a)? with mass = 0.04 unit and the initial state used for the evolution

is %no) + 1 [1)] ® |x = 0) in presence of gauge potential.
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Figure 4. Probability as function of 200 time steps of the modified SS-DQW on a flat-lattice with 400 lattice points. The probability is

-2
for a non-static metric system: g% = ¢t72, g% = ¢10 =0, ¢!l = 7% [cos4x + sin4x]? in absence of gauge potential with

mass = 0.04 unit. The initial state used for the evolution is %HO) +i|1)] ® |x=0).
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Figure 5. Probability as function of 200 time steps of the modified SS-DQW on a flat-lattice with 400 lattice points. The probability is

-2
for a non-static metric system: g% = 72, g0 = ¢10 =0, ¢!l = —IT [cos4x + sin4x]* in presence of U(1) gauge potential with

mass = 0.04 unit. The initial state used for the evolution is %no) +i|1)] ® |x =0).
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This is the probability function which has been shown in all the figures as a function of position and time-step.
Different trajectories at a time-step correspond to the probabilities of obtaining the particle at different positions
at that time-step.

For the static case the chosen vielbeins: e, = lisconstantand e}y = x + 5aislinear in position

. . . . 1. . . .
coordinate. In the non-static case we have chosen vielbeins: e@, = —Isinverse in time and

e(ll) = _sin [4x + g] is a combination of sinusoidal in position and inverse in time coordinate. The choice of

U(1) gauge potential: Aq = 0.03x is linear in position coordinate and A; = —1000¢ (x + 5a)~!islinear in time
and inverse in position coordinates. The presence of the gauge potential increases localization of probability
profiles in positions. The flat space-time metric case: e(%) = e(ll) = 1, has been shown to get a comparable idea
about the other plots.

The parameters considered for the figure 2 will give Hamiltonian H = 03 ® (x + 5a) p, — %03 ® L +
mo; @ 1 atthe continuum limit. This Hamiltonian is the same as the Rindler Hamiltonian:
Hrp =03 ® (x + 5a) p; — éo3 ® 1y + oym @ (x + 5a), except an additional potential term.

In the figure 2 from the probability profile it may seem that after long times the particle has a probability to
exist outside the light-cone described by the figure 1. But in that case the light-cone should be described by
equation:

ds? = [eVPdt? — [e/VPdx? =0 = % = +(x + 5a) = In(x + 5a) — In(xq + 5a) = +t (37)

instead of the Minkowski light-cone described by the equation: % = +£1, where dsis usually taken as the
infinitesimal distance in world space-time and x; is the position of the particle at time t = 0. The trajectories
should not cross the light-cone described by equation (37), as the coordinate system is not flat now. So it will not
violate the causality principle even if it crosses the Minkowski light-cone. Although, in the unit system ¢ = 1,
fi=1la= % that we have used while plotting the figures this light-cone in equation (37) will always remain
within the Minkowski light-cone, and the particle trajectory never crosses the light-cone described by the
equation (37). Because in the figures the axes labels are actually dimensionless quantities.

5.3.Simulating (2 + 1) space-time Hamiltonian by (1 + 1) space-time dimensional SS-DQW

In (2 + 1) space-time dimension when one of the spatial momentum components of the Dirac particle remains
constant = k, unitand all the operators in the Hamiltonian are simply function of the other spatial coordinate
and time—the space-time become effectively (1 4+ 1) dimensional. Under this consideration the effective Dirac
Hamiltonianin (2 + 1) space-time dimension given in equation (6) can be written as

H=—/iog® Ag + {ca® ® q(lo)f’1 + @ q(%)) ky + caV & q(ll)ﬁl
+ca® @ qf ky + @@ @ g, py + ca® @ g k)
i/

9 9 9
_ = 0) 41 (09] g1 ) — 41
z%ﬁ®w%ﬁﬂ U ®&%}

— 7{a® @ g A+ a© @ g5 A + oD @ g A

el
+al @ g4+ a® @ 45 A+ 0P © qp A} + B <, where 10 = - (38)
€(0) ! €(0)

and we have taken all the operators in the Hamiltonian are functions of x, t only. We had o(®) = ¢y, now if we
consider YO = ¢y, vV = —igy, ¥ = ioyitimplies oV = 03, a® = 0,.In order to compare the
Hamiltonian in equation (38) with our Hamiltonian in equation (22) derived from the modified SS-DQW, we
have to make e(lo) = 0 which reduces the Hamiltonian in equation (38) to the form,

H=—/100® Ay + {cop ® q(f)) ky 4 cos ® ‘1(11)131 + o3 ® q(zl)ky + o ® q(lz)f)l + con ® qé) ky)

_ %{03 ® %q(ln +0® g)a_xq<lz>} = {00 ® 4 Ar + 03 ® 4oy AL+ 03 @ g o
Yo ® q(lz)Al +on® qé)Az} + 2oy ® ;”TO) (39)
In this case:
q&:@mo:%mmmnm+%mmﬂmm+wM”mL o
q(ll) = Os(x, t) = %cos[Z@l(x, t, 0)] + %cos[Z@l(x, t, 0) + 20,(x, t, 0)], (41)

11
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2 - fic
_ﬁAO + q(o) (kyc - ﬁAZ) = :‘O(X: t) = _ﬁ[Al(x) t) + A2(x) t)] + 7 xfz(% t, O)a (42)
2
e =S, 1) = /i[(x 1) + Oa(x, )] — %axexx, t, 0), 43)
€0

q(zl) (kyc — 7Ay) — ﬁq(ll)Al = 70 (x, t, 0)Os(x, t) + %ﬁxfz(x, t, 0)cos[20;(x, t, 0) + 20,(x, t, 0)],
(44)

fic :
qp, kye — 7iy) — 7gy A = icO(x, 1, 0)Os(x, 1) + — Ox6o(6 1, 0)sin[26:(x, £, 0) + 261x; £, O)]-
(45)

The total number of variables {Ag, A;, Ay, m, e(%) R e(ll) R e(lz) ) e(%) R e(zl) R eé) } for the set of the equations
(40)—(45) are larger than the total number of the equations. So, unique solution is not possible. One possible
solution is

k
Ag= N 1) + Xalx, 1), A= —c0:&(x, 1, 0), Ay = —cOx&,(x, 1, 0) + %C

(2] 1 (e 1 1
O ==, | 2] = =sin[26,(x, 1, 0] + —sin[26,(x, 1, 0) + 26, (x, £, 0)],
| €0 | 2 €) 2 2
=
€ 1 1
- |= —cos[26,(x, t, 0)] + — cos[20,(x, t, 0) + 20,(x, ¢, 0)],
| €0) | 2 2
2
(1) 1
- |= —cos[26:(x, t, 0) + 20,(x, t, 0)],
| €0) | 2
=
4 1 . 2 fic
D= sin[20,(x, 1, 0) + 20,(x, 1, O)], o = A[01(x, 1) + Va(x, D] — =—0,0a(x, 1, 0).  (46)
ey | 2 €w) 2
Therefore, the metric
g ¢ g» e I 0 e €0y
=[g" ¢ g2[=| 0  —leyP —lex] —elyedy — epyed)
20 21 22
& 8 & eo ety —emed) — exen leg P — ety P — leg) I
1 0 1
2
0 12 1 1 2 1 2
=le 1] 0 5o [02(x, t, 0)] — cos [02(x, t, 0)] ), (47)
1 cos?[0,(x, t, 0)] 0
5 2 PACIZ IS

where we have used the definition: g" = efj e(g, — ell)e(1, — el el5, with the sign convention: 7@ = 1,
nMW = —1, n@@ = —1, We should note here that this kind of choice implies that the effect of the momentum
k, of the hidden coordinate express itself as a part of the gauge potential A,. Other choices are possible which may
give rise to different metrics.

6. Implementation of our scheme in Qubit-system

The shift operations S.. in equation (9), and the coin operations C; (¢, 7) in equation (8) are kinds of controlled-
unitary operations. The shift operations S.. change the position distribution while the coin state acts as the
controller, and the coin operations C;(t, 7) change the coin state while positions act as controllers. Coin state is

12
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already represented by a qubit (a 2-dimensional quantum-state), but the position space is ' dimensional if the
total number oflattice sites is V', so, in general it can be any dimensional. Here, we will represent the position
states by n-qubit system such that the total number of position will now be 2" and each position is indexed by the
decimal value—of the corresponding binary bits expression. Although A/ = 2" represents only a particular kind
of numbers, any general number of lattice sites can be constructed by neglecting some extra degrees of freedom.
Below we demonstrate this scheme by a simple example.

Suppose our working system is a periodic lattice with 4 lattice sites, i.e. lattice system is {|x) such that
X € Z,}. Wecanbuild it by 2-qubit only—representing each qubit in the computational basis
{10) = (1 0)7, |1) = (0 1)T which are the eigenbasis of the conventional Pauli matrix o3} we can write
the basis of the 2-qubit system as {|00), |01), |10}, |11) }. We will use the definition: position state |0) := |00),
position state |a) == |01), position state |2a) = |10), position state |3a) := |11). So, in this representation

> Ix + a) (x| = [01) (00| + [10) (01| + [11)(10] + [00) (11| =

o O = O
o= O O
— O O O
S O O -

— i[(Uo 1 03) ® (01 — i0p) + (01 — ios) ® (01 + idm) + (a9 — 03)
® (o — i0) + (01 + i02) ® (07 + 107)]

1 . .
25[0'0@(01— i) + 01 ® (01 + 107)]. (48)
Similarly,
0100
0010
S"lx = a) (x = 100} (01] + 01) (10] + [10) {11] + [11){00] = [ & | )
* 1 000
1 . .
25[00®(01+102)+01®(0’1— ioy)]. (49)
1 000
101 0 0O} _
le = 100) (00] + 101)(01] + [10)(10] + 1) {11 = [ o 7 =00 @ on. (50)
0001

For the periodic lattice case with total ' number of lattice sites we use the relation

No1
1 ke e
=7z X e = o = SRk = Y e T b
N x=0 ./\/ k

|x + Na) = |x) = kﬁﬁ =2mn, = k = Zﬂ-nkﬁ

(5D

a

where n; € Z. Therefore the minimum possible gap between two k’s = Ak = 2/7\% Here |k) is the eigenvectors

of the generator of the positional translation operator of the quantum walk: 3 |x £ a) (x|. The normalization
condition (x|x) = 1implies that n; can take only A/ distinct values.
Possible choices of k: For odd ', we can choose

_22mhN-1)  2mAN-3) _2'r)‘z 27/ 20/ (N—=3) 27N —1)

k e { N N TN , 0, R ey ey v }.ForevenN,wecanchoose
_2mhN=-2) 2k 27/ 2mhN=2) 7/ _nh /i

k e { Nt T , 0, R iy }.So for both cases — < k < ™=, this domain

describes the first Brillouin zone in condensed matter physics.

The UV cutoff momentum = % as this is the largest possible values in our case—for a — 0 limit this
approaches to 00. The IR divergence in momentum does not arise as minimum modulus value of momentum
can be zero.

One may question as here we are only showing scheme for V' = 4 case, but we believe that extension to large
N can be simply developed based on our scheme. Just for the reader friendly demonstration we are dealing with

N = 4here.

13
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Now we are going to use another qubit for the coin space having basis—{|0)., |1) }. In this case the shift

operators take the forms:
0001 1 000
_ (1 O 1000 0. O 0100
S+ = 10) (0l © ijlx +a)(d + (1 @ Zx)|x><x| = (oc oc) © 10100l (oc 1c) 21001 0
0010 0001
1 . . 1
= Z(OOC + 030 ® [0g ® (01 — i0y) + 01 ® (01 + i02)] + E(O—OC — 03) ® 09 ® 0y,
(52)
1000 0100
_ _ _ (1 O 0100 0c O 0010
S- = 10)(0l ® Zx)|x><xl + (1l @ ijlx a) (x| = (oc oc) 210010l " (oc 1c) 210001
0001 1 000
1 1 . .
= E(CTOC + 030) ® 00 ® 09 + Z(UOE — 03) @ [00 ® (01 + i0y) + 01 ® (01 — i0)].
(53)
The two coin operations for j = 1, 2 are defined as
Cj(t, ,7_) — [efiﬁj(x:O,t,‘r)efiej(x:(),t,r)alc ® |00> <00| + efigj(x:a,t,T)efiﬁj(x:a,t,‘r)alc ® |01> <01|
+ e~ 1§ (x=2a,1,7) o —if; (x=2a,1,7) 0 ® |10> <10| + e i§i(x=3a,t,7) p—il;(x=3a,1,7) 01 ® |11> <11|]
- i[e’iff("zo’t’T)e*i(’f("Zo’t’T)““ ® (00 + 03) @ (00 + 03) + e K=t ilix=a b0
® (09 + 03) ® (09 — 03)
+ e—ifj(x:Za,t,T)e—ié?j(xZZa,t,T)alc ® (UO _ 03) ® (0.0 + 0.3) + e—ifj(x:Sa,t,T)e—in(x:3a,t,T)alt
® (00 — 03) ® (09 — 03)]. (54)

Thus the whole evolution operator %(t, 7) = C/(t, 0) - C; (£, 0) - [S; - Co(t, 7) - S_ - Ci(t, T)]is
implementable in a simple qubit system.

There is opinion of unnecessity of a quantum simulator for the simulation of the dynamics of a single
particle quantum system—properly classical simulator can do the whole job. But the following two aspects can
be used to counter this opinion. (i) A single quantum particle can be in a superposition of wave and particle state
according to the [51]. But classical particle and wave are two independent entities and they never mix. (ii)
Entanglement between two different degrees of freedom (coin and position in our case) in a single quantum
particle have contextual origin, but classical physics shows non-contextual behavior. For detailed discussion
please look into the [52]. So unless one explicitly proves that, in case of quantum simulation these two aspects are
not important or can be captured by classical means after some kinds of encoding, it is better to work with
quantum simulators.

7. Inclusion of U(N) potential in our SS-DQW scheme

In the above cases we are able to include the effect of the U(1) gauge potential. But we can define the coin
operations in such a way that influence of general U(N) potential on single Dirac particlein (1 4 1) dimension
can also be derived. Here we will follow a similar kind of procedure as in the [16].

In this case the coin Hilbert space H, = span{(100 ... 00)’, (010 ... 00)7,...,(000 ... 0 1)'}isa
2N dimensional vector space instead of only two dimensional. The position Hilbert space will be the same as
it was.

The shift operators are now defined as

10 00
S+:Z(O 0) ® J1N®|x—|—a><x|—|—(0 1) ® Iy ® |x){x,

Sz}xj(é 8) ® Iy @ |x) (x| + (8 (1)) ® Iy @ |x — a) (. (55)

14
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where Iy isthe N x Nidentity matrix defined on the coin Hilbert space. The coin operations are now
defined as

- FEx, t,7)  Gjx, t, 7) ’
C: t, — i€ (x,t,T
16 =2 N G ) B 1 [

. N-1 g4
e*l‘f'z o wj(x,t)Aq 0
' e ®lx) (x| (56)
0 e—iTZq:O Q;f(x,t)Aq

where the matrices A, are the generators of U(N) group. We will define our evolution operator as
Un(t, T) = C/ (t, 0) - CJ(t, 0) - [S; - Co(t, T) - S_ - Ci(t, )] which is similar to the case having U(1)
potential only. Using the definition of the effective Hamiltonian as in equation (21), we get

3 3
Heff,N = Z(Ur ® Iy) ® Z Er(xa t)|x> <X| +c Z(Ur ® JlN) ® Z er(x) t)|x> <x| ﬁ

r=0 x r=1 X
3 N2—1
+ Z o ® Z Z Agx(x, 1) @ |x) (x| (57)
r=0 x q=0
where
Xa(x, t) = %[w?(x, )+ Ql(x, t) + Wi, t) + Q(x, D],
7
ﬁ@QZjWWO—Qmwﬂwﬁmﬂ—WMGHmmnmP—mmumﬁL

Xi(x, t) = AR[Gi(x, t, O Ff(x, t, 0)][wix, 1) — Q(x, )],
x4 (x, t) = —723[Gi(x, t, 0)Ef(x, t, 0)][wi(x, t) — Q(x, 1)]. (58)

have taken Ay = ly.Inour (1 + 1)dimensional case we can work with the choice: x3(x, t) = x{(x, t) = 0for
all q. For a proper choice of N the U(N) can be the composition of all possible abelian and non-abelian gauge
potential effects, and hence, the derived Hamiltonian can capture all the possible fundamental force effects on a
single Dirac particle. For example we can include SU(3) and SU(2) interactions by choosing N = 2 x 3 = 6.
One important point is that the dynamical characters of these potentials have not been considered, they act as
background potentials on the single Dirac particle.

Sometimes the fermion doubling problem [53, 54] appears, when the fermion particle dynamics is discussed
in lattice position framework. The corresponding no-go theorem—Nielsen-Ninomiya theorem describes the
impossibility of lattice simulation of local fermion field theory consistently without avoiding the fermion
doubling problem. In [55, 56], it is discussed that the Nielsen-Ninomiya theorem may not be applicable for
discrete time evolution.

In our case all the evolution operator is discrete in both time and position. In the homogeneous SS-DQW
case when we allow only rotation about the spin-x axis in the coin operations, according to the [25] the positive
energy eigenvalue

The term Zf:o o ® Y, fo—l lAqu (x, £) ® |x) (x| describes the effect of nonabelian potentials, where we

Ek) = h cos™! [COS 0, cos 6, cos (];Z_a) — sin 6, sin 02] (59)
T

is a monotonic function of the modulus of momentum: |k| € [0, 7;1] For a massless case: #; = 6, = 0the

relation in equation (59) reduces to E (k) = kc which is very consistent with the Weyl fermion case. Because of
the monotonicity there does not exist two different |k| for which the positive energy eigenvalues are the same.
This implies no fermion doubling. This is independent of the cutoff scale a.

In case of position, time-step dependent coin parameters, the overall effect can be thought as a introduction
of space-time dependent potential effects on the homogeneous SS-DQW case. It is expected that for the scalar
potential, i.e. while the potential does not depend on the chirality of the particle, it does not change the
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monotonic nature of the energy as a function of the modulus of momentum. So, in those cases, fermion
doubling does not occur. But for chirality dependent potentials, it is not so obvious that the fermion doubling
problem does not appear, so these cases need further investigations.

8. Extending our (1 + 1) dimensional SS-DQW scheme to two-particle case

Here we will apply our SS-DQW framework into a two-particle system. In order to extend to two-particle case
we will use entangled coin operations and the separable shift operations. We extend the conventional evolution
operator that evolves a two-particle state at time ¢ to a state at time ¢ + 7,

U™t 1) =[S} ® S71- Co(t, 7) - [SL @ $?] - Gi(t, 7) (60)
such that the modified or actual evolution operator will now be
U, 7) = C (1, 0) - Ci(1, 0) - [S} ® ST - Cot, 7) - [SL @ 821 - Gt 7) (61)

acting on the Hilbert space H,, ® H,, ® H,, @ H,,=H* @ HY2. H,, = span{|x): x € aZ},

H,, = span{|x): % € aZ} correspond to the position Hilbert spaces of the first and second particles,
respectively. H,, = span{(1 0)T, (0 DT}, H,, = span{(1 0)7, (0 1)T} correspond to the coin Hilbert spaces of
the first and second particles, respectively. Note that, we have synchronized the time-steps of both the particles

to the time-step ¢ same for both, which is a special case. The shift operators for the individual particle are now
defined as

51:2((1) 8) ® |x, + a) (x| +(8 (1)) ® |x;) (xel, S::Z((l) 8)

'xf 'xf

® |xr) (il + (8 (1)) ® |xr — a)(xl (62)

wherer = land r = 2 are for the first and the second particles, respectively. Therefore,

10 10 10 00
S, ®S: = Z(O 0) ® (0 0) ® |a+ a, %+ a)(x, x| + (0 0) ® (0 1)®|x1+a, %) (x, X

X1,X2

1
+(8 ?)@(0 8) ® |xi, x + a) (x, x| + (g (1)) ® (8 (1)) ® |x, %) (x1, %l

(63)
and,
1 ) 10 10 10 00 B
S'®S? = )ﬂzxz(o 0) ® (0 0) ® |x1, x) (x1, 2| + (0 0) ® (0 1) ® |x, % — ay(x, x|
+(8 (1)) ® ((1) 8) ® |xa — a, %) (x, % + (8 (1)) ® (8 (1)) ® |x—a,xn — a){x, %
(64)

The coin operators are now defined as

3
Cit, 1) = Zexp[—i Z %}*ﬂ(xl, X t, T) Oy @ Ug] ® |x) (x1] @ |x2) (x| for j=1,2

X1,% a,=0

where ¢ ;-W(xl, X, t, T) has to be real for all j, a, 8, x5, %, t, 7 in order to make the coin operations unitary.
(65)

The shift operators in equations (63)—(64) are symmetric in joint exchange of coin and position indices of the
two particles. The coin operator in (65) is not in general symmetric in joint exchange of coin and position indices
of the two particles unless symmetrization imposed on the functions % ;*ﬂ (x1, %, t, 7). Hence, this kind of
evolution operator can capture distinguishable as well as indistinguishable two-particle evolution depending on
the functional form of ¢ ?ﬂ (1, %, £ T).

In the separable coin operation case while there is no interaction among the particles we must have
%?(’(xl, X%, t, 7) = O0forall o, B € {1, 2, 3} andany x, ¢, 7. Thus for the nontrivial case—when these
coefficients are nonzero, the particles can be in general entangled in their coin space by the whole SS-DQW
evolution. Here our main purpose is to study the emergence of the curvature effects from the coin-coin
entanglement, so, we will choose to work in a special entangled coin operation:

%yl(xl, %, t, T) = 0;(x1, %, t, 7) and all other fé‘;ﬁ(xl, X, t, 7) = 0.
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Therefore,
1 000 0001
0100 .. 0010
Ci(t, 1) = xzxj cos[0;(x1, %, t, T)] 001 ol isin[0;(x, %, t, 7)] 0100 ® |x) (2] ® |%) (%l
0001 1000

(66)

Our choice of the whole coin operator is already symmetric in two-particle coin states, so it may describe
indistinguishable particlesif ; (x;, %, t, 7) = 0;(|x; — %l, t, 7).
We will consider the case when 8;(x;, %, t, 7) are analyticin all of their arguments forall j = 1, 2. So, we
can consider the Taylor series expansion in variable T as
0;(x1, %, t, T) = 0;(x1, %, £, 0) + 70; (01, %, 1), (67)

where the higher order terms in 7 are chosen to be zero.
Following the same procedure as in the case of the single particle, we get the effective two-particle
Hamiltonian:
H5° = (00 @ 03) @ Z03(R1, £, 1) + c(0p @ 03) @ Ogs(Fy, &, )]} @ P,
+ (03 ® 0p) @ Zso(Ry, £, 1) + (03 @ 09) @ OYy(Ry, &, P, @ I
+ (01 ® 02) ® Enn(G, &y 1) + (01 ® 02) ® OL (G, &, D ® b,
+ (02 ® 01) ® E0i(&y, &y 1) + (02 ® 01) ® Oy (R, B, P, @ I
+ (01 ® 01) ®@ =%, X, ). (68)
where E/w(ﬁb X, 1) = bexz E/w(xl) %, t)|x1, x2> <x1) x| and GIU,V()%D B, 1) = thxz @/l,l/(xl) X, 1), x2> <x1) %l
For detailed derivation and the explicit expression of the coefficient functions of the two-particle

Hamiltonian see appendix E.
The two-particle effective Hamiltonian can be split into three parts as

H{° = Heg ® 0o + 00 ® Hep + Hef™" (69)
Here
Hl = 03 ® E50(&, & 1) + cO4(R1, &, ), @ I (70)

looks like local Hamiltonian part for the first particle whose effective mass = 0 and the curved nature of space-
time which is influenced by the presence of the second particle, is captured by the term ©},(x;, %, t),and

Hi = 05 ® Zo3(%i, &, 1) + cOF (R0, %, O @ P, (71)

looks like local Hamiltonian part for the second particle whose effective mass = 0 and the curved nature of
space-time which is influenced by the presence of the first particle, is captured by the term ©2; (x;, %, t).

The part H%'" of the Hamiltonian has no proper local analogy. This appears as a purely two-particle
interaction term originated from the entangled coin operation.

Note: The coin operation is global, which can entangle two separable particles, and this entanglement has in
general nonlocal features. Thus implementation by local operation is in general impossible. But the coefficients (or

strength) of the interaction term controlled by ¢ ?6 (x1, %, t, T)are functions of positions of both the particles and

time. If one consider the functions % ;-"3(x1, %, t, T) = 0 outside the light-cone, the interaction can be made local.
In case of quantum simulation these particles are usually very near to each other, i.e. the distance between the
particles is hardly space-like. Almost of all the simulation cases they remain within time-like distance, so that
information transfer from one to another is possible during any bipartite local operation. Once local and two-
particle controlled local simulators implement o, ® o operations, an entanglement between these particles can
be created. After thatitis possible that they possess nonlocal nature in Bell inequality violation sense, when get
separated beyond light-like distance. At the current stage we do not have any explanation of this nonlocal
interaction in terms of any gauge boson exchange. This is very interesting point, but need further investigation.

8.0.1. For a special functional forms of the coin parameters:
For an example, we will deal with a case when 0, (x;, %, t, 0) = —20,(x;, %, t, 0) = cos ! [(x; — x)?]. In this
case the terms of the two-particle effective Hamiltonian in equation (68) become

- ific . )
Hos(x, 2, 1) = 17 sin[6,(x1, %, t, 0)]0x,02(x1, %, t, 0) = ific(x1 — %),

@(2)3(9% %, 1) = cos[0r(x1, %, 1, 0)] = (% — %)?,
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Za(at 3, ) = 25 0 20 1, 00104055 20 1, 0) = —ifc(as — ),

@lso(xb X, 1) = cos[0r(x1, %, 1, 0)] = (11 — %)?,

— /i

Snlx, x, 1) = *T[szaz(xb X, 1, 0) + 05,0200, 2, t, 0)] + 72 [ (x1, 2, 1) + Fa(x0, 20, 1)]

=2V, %, 1) + D20, %, ],
S, %, 1) =0, O5(x, %, 1) =0,  Zy(x, %, 1) =0,  O4(x, x, t) = 0. (72)

Therefore the Hamiltonian takes the form

Hi? =ifc(op®@ ) @@L -h®%) +c(®@ o) @ oL -1 ® %) p,
—il(3R0) EHIL -LRXB)+c(300) ®®HIL -L@R)P L
+ (01 @ o) @ [01( R, X, 1) + 02(K) &, 1)) (73)

9. Conclusion

In this work we are able to show that single-step SS-DQW with slight modification, can simulate massive Dirac
particle dynamics under the influence of external abelian gauge potential and curved space-time. The modification
of evolution operator is just an extra coin operation after applying the conventional SS-DQW. We have shown that
the same Hamiltonian can capture pseudo (1 + 1) dimensional or (2 + 1) dimensional Dirac particle dynamics
when the momentum of the hidden dimension remains fixed. We provided an implementation scheme by qubit
systems which is realizable in current experimental set-up. By increasing the dimension of the coin-space, the
influence of general U(N) gauge potential has been included in our scheme which paves a way towards simulation
of four fundamental force effects on a single Dirac particle. We extended our study to the case of two-particle SS-
DQW where the interaction of the particles is solely comes from the entangled coin operations and showed that the
parameters of this entanglement can be included in the curvature effect. Our study shows a way to investigate non-
classical properties as well as the curvature effects which are difficult to observe in real situation.
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Appendix A. Derivation of Schrdinger like equation form curved space-time Dirac
equation

Flat space-time Dirac equation is given by
(i D Dg) — mc?)ip = 0,

where O, or later used 0, € {0y, ¢ 0, such that i = 1, 2, 3.}. Generalization to the curved space-time
is given by

(ifielyy7 @5, — me?)ip = 0, (A1)

. i Del 1
where V;L = aﬂ + F;l, - lA/t) Fﬂ = _is(c)(d)e(C)V( ;x“ - F;\We)(\d))’ K# = Egug(a/\g/w + 8/1g)\,, - 8Vg/1,/\)’ and

S(e)(@) are the flat spinor matrices: S¢y(4) = é[,‘/(c)’ YayhApis the U(1) potential. Now in view of the following
relations,
1 1 .
Yo S = 3 er Sl + 50 Sl Dier Sorol = 21w Ye) = My 1)
Y@y St} = —2i€@mrO@T D5 5 = Y0112
itis possible to write equation (A1) as,

i7 0 i7
@ I . P K NI ()} — 2
5 ~ [{e(a), (8x” 1A,L)} + e(u)l“,,,p]z/} + 5 YD ys Bayyp = mc*p, (A2)

aelfd) .
O’

where B, = %qa)(b)(c)(d)e(b)ﬂe(f)" For (1 + 1)and (2 + 1) dimensions € () (c)(4) is always zero,

SO B(a) = 0.
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To derive the current density we need to derive also the dual equation satisfied by ¢ = 13, where 3 = ~©
and it is given by the following equation, with the assumption that all the vielbeins are real,

iz 0 . 72 - _
7[{%’ (@ + ”‘u)} + €@ m]w ' = OBy = —me, (A3)
From equation (A2) and equation (A3) it is possible to derive the four vector current j*, and they are given as
= JTgely VY = 0 = [Tgeq i + J=geq ¥y, (A4)
aj"

where ¢ = det(g,, ) and the current is conserved, i.e. T

equation in the following Schrdinger equation like form
i X _ Hy, (A5)
ot

where H is the Hermitian Hamiltonian operator. So the probability density is given by, j° = xy. After we
multiply equation (A2) by 3, we get a similar equation like equation (A5)

i 0 .
%a(a) [{e(/;)) (@ - lA;L)} + e(ﬁ)rﬂp]w = mc*By,

i o N i
7{@(%), (E — le)}?/} = 770[( ) {E(a), C@ — lAi }’l/) — ?Oé( )e(/;) Fﬁ[)/l/) + mczﬂ’lp (A6)

where o = (3@, However this Hamiltonian is not hermitian and the current is also not same as
equation (A4). In this case current is given by,

j = J=ged V. (A7)

Comparisons of equation (A4) and equation (A7) suggests that we must make nonunitary transformation (with
the assumption e(?-) =0),

= 0. We want to write the curved space-time Dirac

X = (=g)ileq) 1y (A8)
Now we will use this transformation in equation (A6) to write ¢ in terms of x.

0
€(0)

1o} . 1o} . 0
{e(%), (E — le)}¢ = 2e(%)8—7f - 216(%)A0w + o P

_1 1 86((())) 10X ae(%) 1
=(—-g) 4[—[6((3»] i X + 2le@) 2 + W[‘ﬁ%) 2X
1 8 - 7% . 1 1
+ 20y 1 EE D it Pao(—9)
1 1 a 1 8 - _% . 1 1
— (g 120y 1 2+ 21efy 1 Ey — 2ifefy Pao(—g) (A9)
Similarly,
.0 . 0y | Dely .
ely, — — iA; = 2e(y—— + —1 — 2iegA;
{U Ox' }¢ @ i ax’w A
i L O(—g) 1 1 0x 1 8[6(%)]_%
= 2ely | [ed) ] 2 ——2—x + (=) i[ed ] 1 =2 + (—g) i—2
()l[ ol o X + (=g) #lep] o (-9) o X
86&)_4 0 1L pri A oNlr 0 L
+ W( 8) ile ] 2 x — 2ief) Ai(—=g) eyl 2 x (A10)
and,
" = lg’” ag/\# 8g/\p _ 8gﬂﬂ _ l gu,\agA/t + agAp _ ag/m _ l #Aag/\u‘ (A11)
" Ox” Oxt Ox? 2 Ox” Ox? Ox” 27 OxP
We can evaluate this easily by using the following relation for any arbitrary matrix M,
1 0 0
Tr{ M (x)@M(x) = @ln[detM(x)] (A12)
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10

So, T, = T Ing = JE o \/_ Finally using all the relations described above, we can write,
0 Oln . ; ¢ 0ln(—
“ 8X [e@y]™! ( 7 [e(oy 1 Ao .l [ e ——= ( L 150‘(”)6(“)[__ a(xi g

0 cOlnel i7 e . i

S UN - ?a(“)cﬁ — i @ey Ai — ?a(“) ey, + mc*B|x (A13)
Now using e(?) = 0 (which will not make any lose of generalization as the number of independent vielbeins in
the metric is less than the total number of vielbeins—see [46] for details) and the properties in equations (A11),
(A12) we can show that second, third, and eighth terms of the above equation will cancel with each other. Finally

we can write,
oY% 0 0 181ne(%) i ({96(1;1) .
i = [ed Y| — 7 [el)1Ag — ilic a@ef — | - =a@Wc—" — aWel, A; + mc?
o O o170 O ox 2 o 2" o @hi T meBx
i ) i
- 50X —JAox — iic a(u)e(_g)ﬁ_x _ @a(a)i e(_“) Y — 7@ (“> Aix + ﬂ—X
8t e(o) 3x’ 2 3x 6(0) (O) (0)
(A14)
So, in operator terms the above equation (A14) can be expressed as:
el 2
H= /Ao + c a® <a> b — w9 K| @ <“) Yy L (A15)
) 2 x|, () et

Appendix B. Expansion of the single particle conventional SS-DQW evolution operator

The conventional single particle SS-DQW unitary evolution operator

UG, T):Z[IH a){xl 0 ] . [ eSSt (x, 1, T|x) (x| €9®NDGy(x, 1, T)Ix) <x|)

(
0 |x) (x| —e DG (x, t, T)|x) (x| eCSEDESN(x, £, T)|x) (x|

Z[lx) (x| 0 ] ' e S@EDE (x, t, T)|x) (x| eS@EDG(x, t, T)|x) (x|
lx — a) (x| )

0 —eOEIGR(x, £, T)|x) (x| D E (x, t, 7)|x) (x]

X

X
[ eSEITE(x, £ T x4+ a) (x| eSSETGy(x, 1, T)|x 4 a) (x]
—e NG (x, t, T) |x) (x| e QCBDEN(x, t, 7) |x) (x|
( eM®EDF (x, 1, 7)|x) (x| e OEDG (x, 1, 7) |x) (x| )

. , (B1)
—e DGR, t, T)|x — a) (x| eSSOEDE X, t, T)|x — a) (x]

We now expand the unitary evolution operators in equation (B1) upto first order in variables 7and a. We use
here the definition of generator of translation as:

=Yt a) (= k£ a) = eFF x) = [x) F b k) + 0@ ).

X

From the calculation in equation (B1) we get the matrix elements of U (¢, 7) in coin basis as follows

+ The first-row first-column term of SS-DQW Evolution operator in coin-basis

Uso(t, ) = 3 €60t D+ 60 DIE (x, 1, T)Fy(x, 1, 7)|x + a) (x]

X

el@ENTEE—abDIG) (x — a, t, )G (x, t, T)|x) (x]

=Y eileatntoemat IR, (x — g, t, T)F(x — a, t, T)|x) (xle” 7

X

— elG@ENHGE—atDIG,) (x — a, t, T) G (x, £, T)|x) (x]. (B2)
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+ The first-row second-column term of SS-DQW Evolution operator in coin-basis

Upi(t, 7) = Y ella@tDH&EEDIE, (x, 1, 7) Gy (x, £, T)|x + a) (x|

X

+ ell& b+ GE—atIIGy (x — a, t, T)F(x, t, T)|x) (x|

= el atnGeat IR, (x — a, 1, 7)Gy(x — a, t, T)|x) (xle 7

X

+ ela@ENHGE—atDIG, (x — a, t, T)F(x, £, T)|x) (x]. (B3)
+ The second-row first-column term of SS-DQW Evolution operator in coin-basis

Ug(t, ) =y — e!la®@tDTaEDIGK(x, 1, T)Fi(x, £, 7) |x) (x]

X
— et TGE—atDIE (x — a, 1, 7)G (%, t, T)|x — a) (x|

=" — el@IHGEIIGH K, 1, T)Fi(x, £, T)|x) (]

X

— el et DTGEEIIE N« £, 7)GF(x + a, t, T)|x) <x|e%. (B4)

+ The second-row second-column term of SS-DQW Evolution operator in coin-basis

Un(t, 1) = ) — ettt eetMG(, 1, 1) Gi(x, 1, 7)lx) (2]

X
+ e/laetNTGE—at DI (v — a, t, T)Ef(x, t, T)|x — a) (x|
= Z - ei[gl(x,t’7)+£z(X)t)T)]Gz*(xa t, 7-) Gl (xr L T) |x> <x|

X

+ eil&Gratn T L@ E  (x, 1, TV (x + a, £, 7)|x) (x]e . (B5)

Therefore,

B.1. The first-row first-column term of our modified Evolution operator in coin-basis

%oo(t, T) = Ugo(t’ 0) UOO(t) T) + UITO(L 0) leO(t> T) = Z efilgl(x,t,O)Jr{Z(x,t,O)J [Fz*(x: 3 O)Fl*(x’ t 0)

x
— Gf(x, t, 0)Gy(x, t, 0)]

x [ellaG=atD+GE—atDIE, (x — g, t, T)Fi(x — a, t, 7)|x) (x|e*i1/37u

— lG@ENHGEmatDIG, (x — a, t, T) G (x, t, T)|x) (x]]

+ 37— eTaEn0+ GGG, (x, £, 0)F(x, £, 0) + F(x, t, 0)Gi(x, t, 0)]

X

X [—ellaGbNHEEEDIGK(x, ¢, T)Fi(x, t, T)|x) (x]

— ellaGrann+GEIIEN Gy, £, 1) G (x + a, 1, 7)|x) (xle’ ] (B6)

= Uo(t, 7) — le) (x|

= - %Zan(x, t, OPIF(x, t, 0P — |Fa(x, 1, 0)2Gy(x, 1, 0)
— 2R{GS(x, t, O Fi(x, t, 0 Fa(x, £, 0)Gi(x, t, 0)}]|x) (x| p

+ D ATIFx, £ 0)f(x, 1, 0) + §5Cx, 1, 0)Gi(x, 1, 0) + G(x, £, 0)g,(x, 1, 0) + Fa(x, £, 0)f, (x, £, 0)]

X

+ 2ir3[ f,(x, 1, OF (%, 1, 0)|Fi(x, £, 0)* — f,(x, 1, 0)Gi(x, £, 0)Fi(x, £, 0)G(x, £, 0)
+ 8%, £, 0)Gy(x, t, 0)|Fi(x, t, 0) ]2
+ gz*(x) t, O)FZ(X) t, O)Fl('x) t, 0) Gl(x) t, 0)] + aaxFZ(x) t, O) [Fl(x) t, O) G](X, t, 0) Gz*(x> t, 0)

21



I0OP Publishing J. Phys. Commun. 3 (2019) 015012 A Mallick et al

— |Ei(x, t, 0)PES(x, t, 0)]} + a0, Fi(x, t, 0)[Fy(x, t, 0)Gi(x, t, 0)G(x, t, 0) — |Ey(x, t, 0)PF*(x, t, 0)]
+ adGy(x, t, 0)[F(x, t, 0)Ff(x, t, 0)G,"(x, t, 0) — |G\ (x, t, 0)]>G;(x, t, 0)]
+ a0, G (x, t, 0)[G(x, t, 0)F (x, t, 0)FS(x, t, 0) + Gy(x, t, 0)|F(x, t, 0)[*]
+ it [M(x, £, 0) + A(x, 8, 0)]
— ia0dc& (%, t, 0)(|Fx(x, t, 0)*|Fi(x, t, 0) > — |Fa(x, £, 0)[*|Gi(x, t, 0)?
— 2R[F(x, t, 0)Fi(x, t, 0)GS(x, t, 0)Gi(x, t, 0)])
— ia0c&y (%, t, 0)(|1Fa(x, t, O)PIFi(x, £, 0) 2 + |Ga(x, £, 0)P|Gi(x, £, 0)
— 2R[Fy(x, t, 0)Fy(x, t, 0)GS(x, t, 0)Gy(x, £, O]} |x) (x| + O(T?),
(B7)

where we have used the definition
E(x, t, ) = F(x, 1, 0) + 7f,(x, 1) + O(T?), Gj(x, t, T) = Gj(x, 1, 0) + 7g;(x; 1)
+ O(Tz)a gj(x) t) T) - gj(xa t) 0) + TAj(xa t) + 0(7-2)) (B8)

B.2. The first-row second-column term of our modified Evolution operator in coin-basis
Uyi(t, ) = Ugy(t, ) Ui (t, 7) + Ugo(t, 0) Uni (¢, 7)
=Y e ILEOFEERON [ EX(x, £, 0)F(x, 1, 0) — GY(x, t, 0)Gi(x, t, 0)]

X
[e/laGmatn+oE—abDIE) (x — g, t, 7)G(x — a, t, T)|x) (xle#
+ ot TEE—atnIGy (x — a, t, T)F(x, t, 7)|x) (x]]
+Z eii[fl(x’t’o)+£z(x’t’0)][_Gl(x) t) O)Fl*(x’ t) 0) - Fz(x) t) O)Gl(x) t) 0)]

X
[—elaetD+EEEDIGH(x, ¢, T)Gy(x, t, T) |x) (]
+ ell&Gtarn L@ E (x, 1, T)Ef(x + a, t, 7)|x) (x]e’ ]
= (B9)

%Ol(t: 7_) = Z - %[leZ(-)Q t: 0)|2G1(X, t) O)Fl*(x) t: 0) - FZ(-X> t> O)G;((-x) t: 0)[G1(X, t) 0)]2

+ FJ(x, t, O[F(x, t, P Ga(x, t, 0)]|x) (x| p
+ > {—ad:Gi(x, t, O)[|F2(x, t, OPE(x, £, 0) — G (x, £, 0)Gi(x, t, 0)Fa(x, 1, 0)]

— a0 Fy(x, t, 0)[Ey(x, t, 0)F (x, t, 0)G,(x, t, 0) — GS(x, t, 0)[G,(x, t, 0)]*]

— a0,G,(x, t, 0)[ES(x, t, 0)[F(x, t, 0)]* — E(x, t, 0)Gi(x, t, 0)GS(x, t, 0)]

— a0 F(x, t, 0)[Gy(x, t, 0)F*(x, t, 0)F(x, t, 0) + Gi(x, t, 0)|F(x, t, 0)|*]

+ 7lg (%, t, O F(x, £, 0) — f*(x, £, 0)Gi(x, t, 0)] + 78)(x, £, 0)[Fa(x, t, 0)[Gi(x, 1, )]
+ Ff(x, t, 0)Gy(x, t, 0)G,(x, t, 0)]

— 7 (%, t, 0 [Ga(x, 1, O[F(x, £, 0F + Gi(x, £, 0)Fa(x, £, 0)F(x, t, 0)]

+ 78, (x, t, O)[[F(x, t, OPF(x, t, 0) — F(x, t, 0)Gi(x, t, 0)GS(x, t, 0)]

+ 71, (x, t, 0)[Gi(x, t, 0 E(x, t, 0)F5(x, t, 0) — [Gi(x, t, 0)PGS(x, t, 0)]

— a0 &, (x, t, 0)[2|Fy(x, t, 0)*Gi(x, t, 0)F(x, t, 0) + Ga(x, t, 0)Ey(x, t, 0)[F(x, t, 0)]?
- G, t, 0 Fy(x, 1, 0)[Gi(x, £, 0)F]

— 1a0x&, (%, 1, 0)[Gi(x, t, 0)E*(x, t, O)[|Fa(x, t, 0)]* — |Ga(x, £, 0)[*]

— By(x, 1, 0)GY(x, £, 0)[Gi(x, £, OF + Ga(x, £, 0)FS(x, t, 0)[F(x, £, 01} |x) (x| + O,

(B10)
where we have used the definition
F(x, t, ) = F(x, t, 0) + 7f,(x, 1) + O(T?), Gj(x, t, T) = Gj(x, 1, 0) + 7g;(x, 1)
+ O(12), §j(x, t,T) = fj(x, t, 0) + TAj(x, 1) + O(12), (B11)
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B.3. The second-row first-column term of our modified Evolution operator in coin-basis
Uo(t, ) = Ugy (8, 0) Upo(t, 7) + Ufy(t, 0) Uso(t, 7)
=Y e Et0OTGERON[EX(x, 1, 0)G(x, £, 0) + G5 (x, t, 0)Fi(x, t, 0)]
X

[e/l&—atD+&G—atDIE) (x — a, t, T)Fi(x — a, t, 7)|x) (x|e™ 7
— el @tNTGEE—atDIG, (x — a, 1, T) G (x, 1, T)|x) (x[]
+ 3 e MGG — Gy (x, 1, 0)GI(x, 1, 0) + Fy(x, £, 0)Fy(x, 1, 0)]

X
[—elaCotD+EEEDIGH(x, ¢, TYFi(x, t, T)|x) (x| — elaGHabD+&EEDIE x, ¢, 1)
G(x + a, t, 7)|x) (xle%u]
= (B12)

Uo(t, T) = Y — %[2|Fz(x, t, PG (x, 1, 0)Fi(x, £, 0) — F3(x, £, 0)Ga(x, 1, 0)[G(x, t, 0)]

+ B, 1, O[R(x, £, OPGY(, £, 0)]|x) (] p
+ Z{_aaxFZ(x) tr 0) [Fl(x: t; 0)F2*(xr t; 0) Gl*(x> t) 0) + [Fl(xa t) 0)]2 G;(xa t> 0)]

— a0 F (x, t, 0)[|F(x, t, 0)|*G,"(x, t, 0) + Fy(x, t, 0)Fi(x, t, 0)GS(x, t, 0)]

+ adcG,(x, t, 0)[E(x, t, 0)[G*(x, t, O)]* + G*(x, t, 0)G(x, t, 0)Fi(x, t, 0)]

— a0,G (x, t, O)[|E2(x, t, 0)PFi(x, t, 0) — EX(x, t, 0)G,(x, t, 0)G, (x, t, 0)]

+ T[£(x, t, 0)G(x, t, 0) — gl*(x, t, 0)Fy(x, t, 0)]

+ 7f,(x, t, O)[Fi(x, t, O)F;‘(x, t, 0) Gl*(x, t, 0) + [Fi(x, t, 0)J? G;k(x, t, 0)]

—78,(x, t, O[F5(x, t, 0)[G*(x, t, ) + F(x, t, 0)G"(x, t, 0)G;(x, t, 0)]

— 78, 1, 0)[Fa(x, 1, O)[Fi(x, £, 0F — F(x, t, 0)Ga(x, t, 0)G/(x, £, 0)]

— 7 (x, 1, O[G(x, t, 0)Fi(x, t, 0)Fy(x, 1, 0) — Ga(x, £, 0)[G"(x, 1, 0)]*]

— ia0,&,(x, t, 0)[2|Fa(x, t, 0)*Fi(x, t, 0)G/*(x, t, 0) + [Fi(x, t, )P Fy(x, t, 0)GS(x, t, 0)
— Ff(x, t, 0)[G/"(x, t, 0)]*G1(x, t, 0)]

— a0 &, (x, t, 0)[|F2(x, t, 0)PFi(x, t, 0)G*(x, t, 0) — |Ga(x, t, 0)*Fi(x, t, 0)G,"(x, t, 0)
+ [Fi(x, t, 0)PEy(x, t, 0)G(x, t, 0)

— Ga(x, t, 0)[G/ (%, t, O)PES(x, t, 0)]} |x) (x| + O(?),

(B13)
where we have used the definition
F(x, t, 7) = F(x, t, 0) + Tfj(x, 1) + O(1?), Gj(x, t, ) = Gj(x, t, 0) + ng(x, t)
+ O, &(x, t, T) = §(x, 1, 0) + TAi(x, 1) + O(T2), (B14)
B.4. The second-row second-column term of our modified Evolution operator in coin-basis
W1, 7) = Ugy (1, O Ui (¢, 7) + Uy (1, 0)Uni (8, 7)
=) e LEhOFGEERON[FX(x, £, 0)G(x, £, 0) + Gy(x, t, 0)Fi(x, t, 0)]
X
[eiltimat Dt &G-abIIRy (x — a, 1, T)Gi(x — a, £, T)|x) (xle 7"
+ /laetNTGEannIG) (x — a, t, T)Ef(x, t, 7)|x) (x]]
+ ) e @S-Gy (x, 1, 0)G(x, 1, 0) + Fa(x, £, 0)Fi(x, £, 0)]
X
[_ei[gl(x,t,r)+gz(x,t,7)]G;k(x’ t, T)Gi(x, t, T)|x) (x| + ei[El(X+a,t,7)+fz(x,t,T)]F£k(x, t, T)
Ff(x + a, t, 7)|x) <x|e%“]
= (B15)
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U (t, T) — Z|X> («

—ia
=> 7[|F2(x, t, 0)?|Gi(x, t, 0)> — |Fa(x, t, 0)|*|Fi(x, t, 0)[?

+ ZSR{Fl(‘x) t, O)FZ(X) t, O)Gl(x) t, O)Gz*(xr t, 0)}] |X> <X| ﬁ
+ E{—a@sz(X, t, 0) [Fl*(x) t, O)Fz*(x) t, 0) Gl*(x) t, 0) + |Fl(x) t, O)IZGz*(X, t, 0)]

— a0,F(x, t, 0) [Fz*(x, t, 0)|Gi(x, t, 0)]> + Gi(x, t, 0)F(x, t, O)Gz*(x, t, 0)]

— a0,Gi(x, t, 0)[|F2(x, t, 0)*G*(x, t, 0) + Fi(x, t, 0)F>(x, t, 0)G,(x, t, 0)]

+ a0 F(x, t, O)[Fi(x, t, 0)|F2(x, t, 0)> — Ff(x, t, 0)Ga(x, t, 0)G;*(x, t, 0)]

+ Tlg (% 1, 0)G¥(x, £, 0) + Fix, t, 0)f (%, £, 0) + &(x, £, 0)Ga(x, 1, 0) + f,(x, £, 0)F;(x, t, 0)]
+ 2itJ[g,(x, t, O)Fl*(x, t, O)Fz*(x, t, 0) Gl*(x, t,0) + g(x, t, 0) Gz*(x, t, 0)|Fi(x, t, 0)[?

+ f,(x, £, 0)Gi(x, t, 0)Fy(x, t, 0)GS'(x, t, 0)

— f,(x, t, OF(x, t, 0)|Fi(x, £, 0)] + iT[M(x, £, 0) + Xa(x, £, 0)]

— iad & (x, t, O)[|Fa(x, t, 0)P|Gi(x, t, 0)]F — |Fa(x, t, 0)P|Fi(x, t, 0)]?

+2R[Fi(x, t, 0)Fy(x, t, 0)Gy(x, t, 0)G(x, t, 0)]]

— a0 &5 (x, £, 0)[|Fa2(x, £, 0)F|Gi(x, t, 0)* + |Ga(x, £, 0)P|Fi(x, t, 0)[?

+ 2R[Fi(x, t, 0)F>(x, t, 0)Gy(x, t, 0)G(x, t, 0)]]} |x) (x] + O(T2), (B16)

where we have used the definition
F(x, t, 7) = F(x, £, 0) + 7f;(x, 1) + O(1?), Gj(x, t, T) = Gj(x, t, 0) + 78;(%, 1)
+ O, (x, t, T) = (1, 0) + TA(x, 1) + O(T2). (B17)

Appendix C. Calculating the operator terms of the effective Hamiltonian for the single particle

From the previous sections B.1-B.4 we get
%OO(t) 7—) + %11(t> 7_) -2 Z |x> <x|
X

- Z{ZiT[)\l(x) t) 0) + )\Z(x) t) 0)] - alj[FZ*(x) t) 0)8XF2(x) t) 0) + Gz*(x, t) 0)8XG2(-X) t) 0)]

+ 2ia|Fy(x, t, 0)PI[Fi(x, t, 0)0.F(x, t, 0) + Gi(x, t, 0)0,G,*(x, t, 0)]

+ 2iaJ[F (x, t, 0)EX(x, t, 0)G,(x, t, 0)0. G, (x, t, 0)

+ Fy(x, t, 0)Gi(x, t, 0)GS(x, t, 0)0Fi(x, t, 0)] — iad&,(x, t, 0)}|x) (x| + O(T?). (CD
Uoo(t, T) — Un(t, T)

2ia
_7Z[|F2(x) t, O)IZIFI(X) t, 0)|2 - |F2(X, t, O)IZIGI(x) t, 0)|2

- zm{Gz*(x) tr O)Fl(x) t) O)FZ(X) t) O)Gl(x) t) O)}]|x> <x| 13
+ > {27T[F(x, 1, 0)f (%, £, 0) + & (x, £, 0)Gi(x, £, 0) + GS(x, £, 0)g,(x, £, 0)

+ Fy(x, £, 0)f(x, t, 0)]
+ 4itI[f,(x, t, O F(x, t, 0|Fi(x, t, 0 — f,(x, t, 0)Gi(x, t, 0)Fy(x, t, 0)G5(x, t, 0)
+ gz*(x, t, 0)Gy(x, t, 0)|Fi(x, t, 0)]> + gz*(x, t, 0)Fy(x, t, 0)Fi(x, t, 0)Gi(x, t, 0)]
+ adcFy(x, t, 0)[2F|(x, t, 0)Gi(x, t, 0)GS(x, t, 0) + Fy(x, t, 0)|Gy(x, t, 0)[* — |Fi(x, t, 0)]*E(x, t, 0)]
+ 2a|Fy(x, t, 0)PR[Gi(x, t, 0)0,G(x, t, 0) — Fi(x, t, 0)O.F"(x, t, 0)]
+ ad,Gi(x, t, 0)[2F(x, t, 0)F(x, t, 0)G*(x, t, 0) + |Ei(x, t, 0) Gy (x, t, 0) — |Gi(x, t, 0)*GS(x, t, 0)]
+ 2aR[F,(x, t, 0)Gy(x, t, 0)GS(x, t, 0)OFi(x, t, 0) + Fi(x, t, 0)Ey(x, t, 0)G,(x, t, 0)0xG (%, t, 0)]
— ia0:&1(x, t, 0)[2|Fa(x, £, 0)*(|Fi(x, t, ) — |Gi(x, t, 0)[*)
— 4R[F,(x, t, 0)Fi(x, t, 0)G,(x, t, 0)GS(x, t, 0)]]
— 1a0:&(x, t, 0 [(|G2(x, £, ) — |Fa(x, £, 0 )(Gi(x, £, 0)]* — |Fi(x, t, 0)[*)
— 4R[Fy(x, t, 0)Fi(x, t, 0)Gy(x, t, 0)G(x, t, 0)]]}|x) (x| + O(72).
(C2)
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%Ol(t) T) + %100) T)
=Z—%ﬁmamnw%Mmmﬁmam—anmﬁmamamnmz

+ Ff(x, t, O)[F(x, t, 0)PGa(x, t, 0)]|x) (x| p
+ > {2it3lg (x, t, O F(x, t, 0) — f5(x, £, 0)Gi(x, £, 0)]

+ 2iT3[g) (x, £, 0By (x, 1, O)[Gi(x, £, OF + gf(x, £, 0)F(x, £, 0)Gi(x, t, 0)G,(x, t, 0)

— (6 1, 0)Ga(x, £, O)[F(x, t, OF — fF(x, £, 0)Gi(x, £, 0)Fa(x, £, 0)F(x, 1, 0)

+ &(x, 1, 0) [Fl*(x, t, 0)]2F2*(x, t,0) — &(x t, O)Fl*(x, t, 0)Gi(x, t, 0) Gz*(x, t, 0)

+ f,(x, £, 0)Gi(x, t, 0)F(x, t, 0)F(x, t, 0) — f,(x, t, 0)[Gi(x, t, 0)P Gy (x, t, 0)]

— 2aR[Ff(x, t, 0)|Fy(x, t, 0)20xGi(x, t, 0) — Gy(x, t, 0)Gi(x, t, 0)Fy(x, t, 0)0:G,(x, t, 0)

+ Ff(x, t, 0)Ff(x, t, 0)G,(x, t, 0)OxF (x, t, 0)

+ Gi(x, t, 0)|Fy(x, t, 0)[20.F (x, t, 0)] — 2aR[F(x, t, 0)G,(x, t, 0)][F;5(x, t, 0)0,F:(x, t, 0)

— Gf(x, t, 0)0,G(x, t, 0)]

—aG;(x, t, 0)0cFy (%, t, 0)([Fi(x, t, 00> — [Gi(x, t, 0)1) — aF;(x, t, 0)0:G,(x, t, 0)([F (x, t, 0)]?
- [G(x, t, O)1)

— 1a0x&,(x, t, 0)[4|Fy(x, £, 0)PR(Gi(x, t, O)Ff(x, t, 0)) — 2R(G(x, t, 0)Ey(x, t, 0)[Gi(x, t, 0)]*)
+ 2R(G,ES [F )]

— a0, &, (x, t, 0)[2|Fy(x, t, 0)PR(Gi(x, t, 0)F(x, t, 0)) — 2|Ga(x, t, 0)?R(Gi(x, t, 0)F(x, t, 0))
+ 2R([F(x, t, 0)PFy(x, t, 0)GS(x, t, 0)) — 2R(Fs(x, t, 0)GS(x, t, 0)[G (x, t, 0)])]} |x) (x| + O(T?).

(C3)

Uoi(t, T) — Dho(t, T)

= ii—a > I2IF(x, £, 0)PGi(x, £, 0)Ef(x, t, 0) — Fa(x, £, 0)G)(x, t, 0)[Gi(x, t, 0)]?

+ Ef(x, t, 0)[F(x, t, 0)>Ga(x, t, 0)]|x) (x| p

+ > {=2iaJ[0:Gi(x, 1, 0)(IF2(x, 1, 0)PF(x, £, 0) — G (x, £, 0)Gi(x, t, 0)F>(x, t, 0))]

— 2iaJ[OcF(x, t, 0)(G,(x, t, 0)F(x, t, 0)F5(x, t, 0) + Gi(x, t, 0)|Fy(x, t, 0)[*)]

— a0, F>(x, t, 0)[2iF(x, t, 0)I(E (x, t, 0)G(x, t, 0))

— G(x, t, O)[Ei(x, t, O — Gy(x, t, 0)[Gi(x, t, 0)*] — adcG,(x, t, 0)[—2iG(x, t, 0)

J(E(x, t, 0)Gi(x, t, 0)

+ Ff(x, 6, O ([F(x, 1, 0P + [G(x, £, 0)])]

+ 27RI[g (x, 1, 0 F(x, £, 0) — f;*(x, £, 0)Gi(x, 1, 0)

+ 8, t, 0)Fy(x, 1, 0)[Gi(x, 1, O)F + &' (x, t, 0)F(x, £, 0)Gi(x, £, 0)Ga(x, 1, 0)

— (6 1, 0)Ga(x, £, 0)[F(x, £, 0)]

— fz*(x, t, 0)Gi(x, t, 0)Fy(x, t, O)Fl*(x, t,0) + g (x, ¢, O)ng(x, t, 0) [Fl*(x, t, 0))

— g0 t, 0F(x, t, 0)Gi(x, t, 0)Gy(x, t, 0) + f,(x, t, 0)Gy(x, t, 0)F(x, t, 0)F(x, t, 0)

— H& 1, 0O[Gi(x, £, PGS (x, 1, 0)]

+ 2a0.&,(x, t, 0)[2|Fa(x, t, 0)PT(Gi(x, t, 0)E(x, t, 0)) + F(Ga(x, t, 0)F>(x, t, 0)[F(x, t, 0)]?

— Gi(x, 1, 0)Fa(x, , 0)[Gi(x, £, 0)])]

+ 2a0:&,(x, 1, O)[(IFa(x, £, 0)]F — |Ga(x, £, 0))T(Gi(x, 1, 0)F(x, t, 0))

+ J(Ga(x, t, 0)F(x, t, 0)[F(x, t, 0)]

— Fy(x, 1, 0G5 (x, 1, 0)[Gi(x, t, 0P)]}x) (x| + O(7?). (C4)
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C.1. Effective Hamiltonian
Using the definition

~Heff(t)7—) (CS)

U, T) = e —1
@ 7) XP( P

we can write

. Uoo(t, ) — Y Ix) (] Uoi(t, T)
He = i2lim — x
=0T ho(t, T) WU(t, T) — le} (x|

T—0 2T

= 0o ® i/ lim zi(%,(t, T) + U (t, T) — 2 |x) <xl)

4oy ® i lim —— (Too(t, T) — Wiy(t, 7)) + 0y @ ifs lim —— (Uoy(t, 7)
70 2T T—=0 27T

. 1
+ JleO(t: T)) —0n® ﬁlll’l}) 2_(%01(t: T) - %10(1‘, T))
T—0 2T

3 3
=)0, ® Y B Dx) (x| + ¢ Y0 ® D O(x, 1)|x) (x| . (C6)

r=0 X r=1 X

Here for notational convenience we will omit the arguement (x, ¢, 0) from all the functions E(x, t, 0),
Gi(x, t, 0), fj (x, t, 0),and (x,t) from Aj(x, 1), fj (x, 1), gj(x, t) and will be represented as F;, Gj, £, )\j,ﬁ,gj
respectively. Then the operator terms of this effective Hamiltonian can be written as follows

Zo(x, 1)

=M+ M)+ %J[F;kaxg + GY0,Gy] — 7| Fa*T[FOcF + G10,G/']

— /cI[EFfG,0,G* + F,G,GYOF] + %axgz, (C7)

Ss(x, 1)

+ %asz [2F,G\GS + Ef|Gi|* — |FPFS] + 7l BaPR[G10,G,* — FL0.F/]
+ %@Gz REFIG + |FPGSF — |GPG)] + i/cR[F,G G OF, + FiF,G9,G)]

Jic fic
+ 7@& RIBP(FP — |G?) — 4R[RAG G + 78x62[(IGzI2 — IEP)(GI* — |AP)
— 4R[F,F,G,G]], (C8)

El(x) t)
=—/40IgBIGIP + & FGIG, — ffGIR P — ffGRF + g FTF

- & F¥GIGS + f,GIF'Fy — £,[Gi PG}

— icR[FNF20:G, — GYG F,0,G, + F'FfG,0,F 4+ G||F,*04F;"]

— i/cRIF G [Ff0.F, — G0,G,]

_ ik
2
/Z/C 2 *

+ 76)(51 [4|F,*R(G,F")

i /ac
GIOF(F P — [GIP) — %Fﬁkasz([ka]z — [GIP)

— 2R(GSR[GP) + 2R(G.FF[FP)]
fic
+ 7% R2|BPR(GIEY) — 2|GPR(GIF) + 2R([FPEGY) — 2R(F:,GY[G)]

— 73gF* — ffGil, (C9)
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EZ(x) t)

= i/icI[0:G(|FPEf — GfGiFy)] + i/icI[0:FF (GLFfEf + Gi|F:)] + %@Fz [2iF; 3(F*Gy)

— GY[RP — GYIGiP]

fc .
+ 76XG2[_21G2 IFEG) + B IFT + G = Z2RIGF — fG + & RIG P

+ & F'GIG, — f Gy [F'P

— fJGIRF + R — &,F GG + f,GIF'F — [IGIPGS] — /cd& [2|RPI(GIF)

+ (G F[F'P — GIB[GP)]

— 0 LHI(RP — |G IGIE) + J(GFFRT — BGIIGP)], (C10)

Os(x, 1) = —[|BPIGI? — |EBPIRP? + 2R{FFGG},
O4(x, t) = RI2|FIPGF — BG[G'? + RIFFPGY],
0,(x, 1) = J2|RPGIR — FfG[GP + E[FPGS. (C11)

Appendix D. Calculating the modified evolution operator for the two-particle case

Here we will calculate the modified evolution operator /™°(¢t, 7) in section 8 parts by parts.

D.1. The matrix elements of the operator [Si ® Si] - Cy(t, 7)in coin-basis
In coin basis the matrix elements of the operator [S}r ® S_f] - Cj(t, T) (the suffixes ‘i, j” used in the next
calculations to denote the row, column numbers respectively of matrix in coin-basis )—

(IS} ® S11 -
(IS} ® Si1 -
(8. ® $2] -
(St @ s3] -
(8. ® 821 -
(SL ® $2] -
(S} ® S11-

(s ® 2 -

Co(t, T)i=1j=1= Z cos[r(x1, %2, t, D1 + a4, x2 + a) (x1, xa,

XX
Colt, T)iz1jma = —i p_sin[0,00, x5 £, Dlx + a4, 0+ a) (x, xal,
XX
Ca(t, T))i:z,j:z = Z cos[0r(x1, x2, t, T)]|x1 + a, Xz) <x1, X2
XX
Colt, T))izajms = —i y_ sin[0a(xy, x5, 1, T)]|x1 + a, x3) (x1, %3],
XX
Cy(t, T))i=3,j=2 = —1 Z sin[0,(x1, xo, t, T)]|x1, X2 4+ a) (x1, X3,
XX
Cz(t, 7')),‘:3’]':3 = Z COS[(92()C1, X, 1, T)] |x1, X, + a> (Xl, le,
X1, X2
Co(t, T))i:4,j:1 =—i z sin[6,(x1, x2, £, T)]|x1, xz) <x1; x|,
XX
Co(t, T))izaj=a = Z cos[0r(x1, x2, t, T)]|x1, Xx2) (X1, x2). (DD)
XX

All the other matrix elements of the operator [Si ® Si] - Cy(t, T) zeros.

D.2. The matrix elements of the operator [S' ® S?] - C(t, ) in coin-basis

(S! ® s% -

(S! ® % -

(S! ® s%]
(S! ® s%]
(S! ® s%]

([S! ® s%]

(S! @ s% -

(S! ® $% -

Ci(t, T)i—1,jm1 = cos[bi(x1, X, t, T]|x1, X2} (x1, %),
XX
Ci(t, 7))i=1,j=4 = —i Z sin[61(x, % 8, T)] %1 22) (31, %2,
XX
< Ci(t, T))izzj=2 = Z cos[0,(x1, %, t, T)]lx1, 2 — a) (x1, %,
XX
< Ci(t, T))izpj=3 = —1 Z sin[6) (x1, X, £, T)] 121, % — a) (x1, %,
XX
< Ci(ts T))i=3j=2 = —1 Z sin[61(x, %2, £, DX — a, %) (x1, %,
XX
- Ci(t, 7'))1‘:3,;‘:3 = Z cos[0,(x1, x5 t, T — 4, Xz) <x1» xls
XX
Ci(t, T))izgj=1 = —1 Z sin[0) (xy, X, £, 7)1 — a, % — a) (x5, %,
XX
Ci(t, T))iz=aj=a = Z cos[01(x1, x5, t, T|x1 — a, % — a) (x, x. (D2)
XX

All the other matrix elements of the operator [S' ® S?] - C,(t, ) are zeros.

27



I0OP Publishing J. Phys. Commun. 3 (2019) 015012 A Mallick et al

D.3. The matrix elements of the operator [S}r ® Si] - Cy(t, 7) - [SL ® S?] - C (¢, 7)in coin-basis

D.3.1. First row first column term.

([SJIr 0y Si] - Cy(t, 7) - [SE @ 81 Gt T))i=1,j=1
=Y cos[b(x1, %, 1, T)]cos[O1(x1, %, £, D |x1 + a, %0+ a) (x5,

X1,X2

—sin[62(x1 — a, % — a, t, T)]sin[01(x1, %, 1, T)]|x1, %) (21, %

=Y cos[br(xy — a, %, — a, t, T)]cos[01(x1 — a, % — a, t, T)]|x1, %) (%, leefii(mmzzﬂwm
XX
—sin[0,(x; — a, % — a, t, T)]sin[01(x1, X, t, T)]]x1, %) (X1, % (D3)
ia o A
=—— Z cos[0,(x1, %, t, 0)]cos[01 (x5, %2, 1, O)]|x1, 22) (3, ol(p, ® L +1; ® p,)
XX
+ Z {cos[0,(x1, %, t, 0)] — sin[6(x1, X, 1, 0)](—a0y02(x1, %, t, 0) — a0y,02(x1, %, ¢, 0)
X1,X2

+ 7, (x, %, £, 0))}

{cos[01(x1, %2, t, 0)] — sin[61(x1, %, £, 0)1(—a0y,01(x1, %, t, 0) — a0y,01(x1, %, t, 0)

+ 7010, %, 1, 0))} i, %) (X1, X

— {sin[6,(x, %, t, 0)] + cos[02(x1, X, t, 0)](—a0y,02(x1, X%, t, 0) — a0y, 0, (%1, %, 1, 0)

+ (%, %, £, 0))}

{sin[0;(x1, %, £, 0)] + T91(x1, %, £, 0)cos[0;(x1, %, £, OV} |1, %) (1, 200 + O(72). (D4)

D.3.2. First row fourth column term.

(IS} @ S21- Ca(t, 7) - [S. @ S21 - Gilt, T))imrjma
=—iy cos[b(x1, %, £, T]sin[0y(x1, %, 1, D3 + a, %2+ a) (x, %

XX2

+ sin[0,(q — a, % — a, t, T)]cos[61(x1, %, 1, T)]|x1, 1) (x1, %]

. . _i(p @R +N1®p)y)a
=—iy cos[br(x1 — a, % — a, t, T)Isin[i(x — a, % — a, t, T)]|x, ) (x, xle P
X1,X2
+ sin[6,(x; — a, % — a, t, T)]cos[01(x1, X, 1, T)] |31, %) (X1, X (D5)

= _E Z COS[GZ(xl) %, 1, 0)] Sin[el(xh %, t, 0)] |xl) X2> <X1, x2|(131 & ]IZ + ]11 ® ﬁZ)

X1,X2

- iz {cos[0,(x1, %, £, 0)] — sin[6;(x1, %2, t, 0)](— a0y 02 (x1, %, £, 0)

— a0y, 0, (x1, %, 1, 0) + TV2(x1, X, 1, 0))}

{sin[0(x1, %, t, 0)] + cos[61(x1, %, t, 0)](—a0y,01(x1, %, t, 0) — a0y b1(x1, X, t, 0)

+ 7910, %, 1, 0))} o, %) (X1, X

+ {sin[61(x1, %2, £, 0)] + cos[02(x1, %, t, 0)](—a0y,0,(x1, %, t, 0) — a0y, 012(x1, %, £, 0)

+ (%, %, £, 0))}

{cos[6:1(x1, 2, 1, 0)] — TU1(x1, %, £, 0)sin[6;(x1, %, £, O} |1, 20} (31, 20| + O(T2). (D6)

D.3.3. Second row second column term.

(IS} ® Si1- Co(t, ) - [SE ® 821 - Git, T))iz2jn

=Y cos[br(x1, % — a, 1, T)]cos[01(x1, %, 1, T |11 + a, % — a) (x1, %

X1,X2

— sin[6,(x — a, %, t, T)Isin[6i(x1, %, t, T|x1, %) (X1, %]

_i(py@h-N1@py)a
=Y cos[br(xi — a, x, 1, T)]cos[01(x; — a, % + a, 1, T)]|x1, %) (x1, xole 7
X1,X2
—sin[0,(q — a, %, t, T)]sin[0i(x1, %, t, T)]|x1, %) (X1, | (D7)
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=-2 > cos[b(x1, %, t, 0)]cos[0; (xi, %, 1, O)]|x1, %) (31, %l (P, @ b — [} @ p,)

XpX2

+ Z {cos[0,(x1, %, t, 0)] — sin[60(x1, X, £, 0)](— a0y 02 (x1, %, 1, 0) + T02(x1, %, £, 0))}

{cos[01(x1, %2, t, 0)] — sin[61(x1, %, t, 0)](—ady,01(x1, %, t, 0) + a0y,01(x1, %, t, 0)

+ 191(x1, %, 1, 0))} |x1, 20) (X1, 0]

— {sin[6,(x1, %, t, 0)] + cos[02(x1, %2, t, 0)](—a0y02(x1, X, t, 0) + TU2(x1, %, 1, 0))}

{sin[0;(x1, %, £, 0)] + TY1(x1, %, £, 0)cos[0;(x1, 2, £, O]} |1, x2) (31, 20| + O(T2). (D8)

D.3.4. Second row third column term.
([Si ® Sﬂ < Cy(t, ) - [SE ® S21 - Gi(t, T))i=2,j=3

= —iy_ cos[0r(x1, % — a, t, T)]sin[0(x1, %, £, D% + a, % — a) (x5, %]

XX

+ sin[6,(x — a, X, t, T)]cos[O1(x1, X2, t, T X1, %) (21, %

. . i(pyh—-T1®py)a
= —iY coslbr(xi — a, %, t, TIsin[0 (%1 — a, % + a, £, T)] [lx, %) (x, xle 7
X1, X2
+ sin[6,(a — a, %, t, T)]cos[0(x1, %, t, T)] |1, %) (1, % (D9)

= —% > cos[6;(x1, %, t, 0)]sin[6;(x1, %, 1, 0)]]Ix1, %) (x, 0l(p, ® L — 1 ® py)

XX

- 12 {COS[HZ(xb X5 t) 0)] - Sin[GZ(xl) X2, t) 0)](_aax192(xb X2, t) O) + 7192(3(1, X, t; 0))}

{sin[0,(x1, %, t, 0)] + cos[61(x1, %, t, 0)](—ady,01(x1, %, t, 0) + ady,01(x1, %, t, 0)

+ T (s %, 1, 0))} o, ) (X1, %

+ {sin[01(x1, %2, £, 0)] + cos[B2(x1, %, t, 0)](—ady,0,(x1, %, t, 0) + TV, (x1, %, 1, 0))}

{cos[01(x1, %, 1, 0)] — TU1(x1, %, £, O)sin[6;(xp, 2, £, )]} |1, x2) (31, 20| + O(T2). (D10)

D.3.5. Third row second column term.
([SL® S+ Cot, ) - [SL @ S21 - Gi(t, T))izsj2
= —i Y _sin[6y(x, % — a, t, T)]cos[b(x1, %, 1, T)]|x1, %) (%1, %)
X1,X2
+ cos[6r(x — a, %, t, T)]sin[61(x1, %, t, T]|X1 — a, % + a) (x1, %
= —iy_ sin[0(x;, % — a, t, T)]cos[0; (xi, %, 15 T)] |11, %) (1,
X1,X2

1 i(pyeh-hi®pya
+ cosl0r(x1, % — a, £, Tsinlb)(xa + a, 6 — a, 1, T b, %) (x, xle 7 (D11)

= —1 Z {sin[6,(x1, %, t, 0)] + cos[0,(x1, %, 1, 0)](—aly, 02 (x1, %, 1, 0) + TU2(x1, %, £, 0))}

{cos[01(x1, %, 1, 0)] — TV1 (31, %, 1, O)sin[6(x1, %, £, 0)]} |31, %) (31, X

+ {cos[02(x1, 1, £, 0)] — sin[B(x1, %, £, 0)](—a0y,02(x1, %, £, 0) + 702 (x1, %, £, 0))}

{Sin[el(xh X2, t, 0)] + COS[@](X'], X2, L, 0)] (aaxlal(xb X2, L, 0) - aaxzal(xl + a, X, t, 0)

+ 791(x1, %, 1, 0))} |x1, %) (201, %]

+ % z cos[0; (1, %, t, 0)]sin[6: (1, %2, £, 0)] X1, %) (21, x2|(f)1 L -L® ﬁz) + O(?). (D12)

X1, X2

D.3.6. Third row third column element.
(IS} ® Si1- Ca(t, 7) - [SE @ S?] - Gilt, T))i3m3
= —> sin[0y(x, % — a, t, T)]sin[6(x1, %, £, T)]|x1, %) (%1, 0|
X1, X2
— cos[62(x1 — a, %, t, T)]cos[01(x1, %, 8, Tl — a, %+ a) (x5, x|
= —Z sin[0,(x1, % — a, t, T)Isin[01(x, %, t, T)]|x1, Xz> (x> 2]

X, X2
i(py@h-N®p)y)a

+ > coslba(x1, X — a, £, T)]cos[Oy(x1 + a, % — a, t, T |x1, %) (%1, Xle (D13)

X1bX2
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= _Z {Sin[HZ(xb X5 t> 0)] + COS[92(x1> X5 tr 0)](_aax292(xlr X2 ta 0) + 7-192(361) X2 t> 0))}

{Sin[el(xl) %, b, 0)] + T'l?l(xb X, b, O)Cos[el(xl) X%, b, 0)]}|x1) X2> <X1, x2|
+ Z {COS[GZ(xb X2, ta 0)] - Sin[GZ(xly X, ta 0)](_a8x202(~x1; X, t) 0) + 7192(3(1, X, ta 0))}

{cos[01(x1, %, t, 0)] — sin[61(x1, %, £, 0)](a0y, 01 (x15 %, £, 0)
- aaxzel(xb X5 t, 0) + Tﬁl(xl) X5 t) 0))} |xl) x2> <x13 x2|

+ “ Z cos[0:(x1, 1, t, 0)]cos[1 (1, %2, 2, 0)] X1, 22) (21, x2|(f?1 L - ® 132) + O(72). (D14)

XpX2

D.3.7. Fourth row first column term.

(IS} ® S21- Ca(t, 7) - [S" ® S21 - Gilt, T))icajmr
=—i Z sin[60;(x, %, t, T)]cos[61(x1, %, £, T)|x1, %) (x1, %]
X1,X2
+ cos[b,(x1 — a, x, — a, t, T)]sin[01(x, %, t, T — a, % — a) (x, %
= —iy_ sin[0,(x1, %, £, T)]cos[01(x1, %, £ T)] |1, X2) (31, 2
X1,X2

i(py @+ ®py)a

+ cos[0,(x1, %, 1, T)Isin[b1(x1 + a, % + a, t, T |x, %) (x, le” 7 (D15)

=—i Z {sin[02(x1, %, 1, 0)] + TV2(x1, X2, £, 0)cOS[62(x1, %, £, 0)]}
{cos[01(x1, %2, £, 0)] — TU1(x1, %2, t, 0)sin[6; (1, %2, £, 0)]1} %1, X2> <x1, %]
+ {cos[0,(x1, %, t, 0)] — TU2(x1, %, £, 0)sin[6,(x, 3, £, 0)]}
{sin[0)(x1, %, £, 0)] + cos[01(x1, %, t, 0)] (a0, 0,(x1, X, £, 0)
+ aaxzel(xl) %, t, 0) + Tﬁl(xl) %, t, 0))} |X1, X2> <X1, x2|
+2 > cos[b(x1, %, t, 0)]sin[6; (x1, %, £, 0)] |1, %) (x1, %l (P; @ b + [} ® p,) + O(T?). (D16)

XX

D.3.8. Fourth row fourth column term.

(IS} ® 811+ Ca(t, 7) - [SL @ S?1 - Gi(t, T))izajms
= - Z sin[6,(x1, %, t, T)]sin[0(x1, %, t, T)] |, x2> <x1, x|
X1,X2
— cos[br(x1 — a, % — a, t, T)cos[0i(x1, %, 1, T|x1 — a, % — a) (x, x|
== sin[0y(x, X, £, T)]sin[0;(x1, %, £, )] |11, %) (31, %]

X1,X2
i(py@h+N®p))a

— cos[02(x1, %, t, T)]cos[01(x1 + a, % + a, £, T)]|x1, ) (X1, le™ 7 (D17)

- _E {Sin[HZ(xb X2, t) 0)] + 7—’02(:"61: X, t: O)COS[GZ(XI) X, ta 0)]}

{sin[6;(x1, %, £, 0)] + T (x1, %, 1, 0)cOs[6;(x1, %2, £, )]} |1, 22) (X1, 2]

- {COS[HZ(xl) X2 t, O)] - 7'192(3(?1, X2 t, O)Sin[GZ(xl’ X2, t, 0)]}

{cos[01(x1, %, £, 0)] — sin[0(x1, %, £, 0)](a0y 0, (x1, X, t, 0)

+a0y,01(x1, %, 1, 0) + 791 (x1, %, 1, 0))} X1, ) (%1, %2

+ “ Z cos[6r(x1, %, t, 0)]cos[61(x1, %, £, 0)] X1, 22) (1, x2|(f)1 QL+ ® }32) + O(72). (D18)

X1X2

All the other matrix elements of the operator [SjlL ® S}r] - Cy(t, 7) - [S) @ S?] - C(t, T)are zeros.
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D.4. The matrix elements of the operator [U™°(t, 0)]" = C/ (¢, 0) - C; (¢, 0) in coin basis
Here we have considered that the shift operators become the identity operator when 7 goes to zero.

(Cfr(l‘: 0) - CzT(R 0)) = Z {cos[0:(x, 3, t, 0)] oy ® 0y + isin[0,(x, 2, t, 0)] oy ® o7}

XpX2
{cos[01(x1, %, £, 0)] 09 @ 0 + isin[61(x1, %, £, 0)] o1 @ 01} |x1, %) (X1, %
= Z {COS[HZ(xb X, b, 0) + ol(xb X, b, 0)] 00 & (e} + iSin[al(xb X, b, 0)

X1,X2

+ 02(x1, %, £, 0)] o1 ® a1} X1, %) (201, X (D19)

D.5. The matrix elements of the operator % "™°(¢, 7) in the coin-basis
From this section, for notational convenience, we will denote 0;(x;, %, t, 0) by 6; and ¥;(x;, %, t) by ¥J; for
alj=1,2.

D.5.1. First row first column element in coin-basis.

USe(t, 7) = (C (t, 0) - CI(t, 0))iz1jr - (ISL @ SI1- Ca(t, 7) - [SE @ S21 - Gi(t, T))iz1jm1
+ (G (t, 0) - CI(t, 0))iz1jmq - (ISL @ S2] - Co(t, 7) - [SL @ S21 - G, T))icajer  (D20)

=Y cos[b + O]lx, %) (x1, %

XpX2

— 2 S cos[Ba]cos[Bi] xi, %) (x1, %l (p, @ L + T @ p,) + 3 {cos[6,]

X, X2 X1,X2

— sin[6;](—a0y,0, — ady,0, + 79,)}
{cos[01] — sin[0;](—ady b — ady,0 + T} x1, %) (x1, x| — {sin[6;]
+ Cos[&z](—aﬁxﬂz — a@xﬁz + T’L92)}

{sin[61] + 70 cos[6i]} |x1, %) (xi, le] + iy sin[f; + 65]1x1, %) (xi, le[—i > {sin[6,] + 70, cos[6,]}

X1X2 X1,X2

{cos[01] — 9 sin[01]} |x1, %) (x1, | + {cos[62] — T, sin[B,]} {sin[6;]
+ cos[61](a0y 0, + ady,0 + T} x, 1) (x1, %

+ % > cos[Br]sin[61]|x, %) (x, 0l (P, @ b + I ® 132)] + O(1?)

-
(D21)
UG, 7) — 3 s ) (3 0] = —= 5 cos[B]cos[26; + 6] [xi, %) (x1, %](p, ® T + T @ p,)
+2 > sin[260) + 26] [0x,02 + Ox,00] 1%, %) (x1, %
+ ay  cos[0:]sin[20; + 60,] [D46 + Ox,01]|x1, %) (x1, %] + O(T2). (D22)

XX

D.5.2. First row fourth column element in coin-basis.

U, T) = (C (1, 0) - Ci (¢, 0))i=1,j=1 (ISL ® S71- C(t, 7) - [SL @ S2] - Gi(t, T))i=1,j=4
+ (G (1, 0) - CI(t, 0))izrjma - ([SL @ S21- Colt, 7) - [SL ® S21 - Gi(f, T))izajms  (D23)
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ZZ cos[0 + 1] lx, %) (x1, %l _;1_i Z cos[Br]sin[61]|x1, %) (x1, %/(p; ® L + I} @ p,)

XX X1,X2

— iz {cos[0,] — sin[0,]1(—ady, 0, — ady,0, + T9,)} {sin[6;]

X1,X2

+ cos[01](—ad, b0, — ady,0) + 791} %1, %) (x1, %]
+ {sin[6,] + cos[6,]1(—ady,0, — ady,0, + T9,)} {cos[61] — TV sin[6,]1} |x1, %) (xi, X2|]

—+ ZZ sin[@z + 01] |X1, XZ> <X1y x2|

XX

lz {sin[6,] + 79, cos[0,]} {sin[6;] + T, cos[61]} |x1, %) (x1, x| — {cos[0,] — 79, sin[6,]}

X1,X2

{cos[01] — sin[0,](ady,01 + adx,01 + T} |x1, %) (x1, %] + % > cos[6;]cos[61]1x1, %) (x1, %]

x(heLh+h® 152)] + O(7%)

= (D24)

U (t, T) = *% Z cos[6,]sin[26; + 05]1x1, %) (2, 0l(p, @ L + I @ p,)

X1,X2

+ ai Y cos?[0) + 6:][0x,0: + Ox,00] %1, %) (31, %

X1,X2

+ ai ) cos[r]cos[26; + 6,][D5,6 + Dx,0111x1, %) (x1, 0]

X1bX2

— it Y [9 + Dlx, x) (%1, %l + O(T?). (D25)

X1,X2

D.5.3. Second row second column element in coin basis.

U (t, T) = (C] (t, 0) - CI (£, 0))isjms - (ISt @ S2] - Ca(t, 7) - [SL @ S21 - Ci(t, T))icajms
+ (G (t, 0) - CJ(t, 0))izzjms - (ISL ® SI1 - Ca(t, 7) - [SL ® S21 - Gilt, T))imsjn (D26)

=" cos[6; + O5]x;, %) (x, lel% >~ cos[6]cos[01]1x1, %) (x1, 0l (p, @ I — I} @ p,)

X1,X2 X1 X2

+ Z {cos[0,] — sin[60,](—ady,0; + TU2)} {cos[0;] — sin[01](—ady, b + adx,01 + 7))} |x1, %) (x1, %]

— {sin[6,] + cos[0,1(—ady 0, + T9,)} {sin[6;] + 70, cos[61]} |x1, %) (x, le]
+ iz sin[6, + 6,]]x1, %) (x5, %]

XX

l—i > {sin[60,] + cos[0,](—ady,0, + 195)} {cos[6] — T sin[01]} |x1, %) (x1, %]

XpX2

+{cos[0,] — sin[0,]1(—ady,0, + 79,)}
{sin[61] + cos[61](ady 01 — ads,0) + 790} Ixi, %) (x1, | + — > cos[6,]sin[61]]x, %) (x1, %]

X(f)l X Hz — ]Il 29 ﬁz):| + O(TZ)

=
(D27)
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A, 7) — 3 by ) (3 0] = —= 57 cos[By]cos[26; + 6] ]x, %) (31, 0l (p, ® T, — T @ p,)

+ % > sin[26; 4 260,][9x,0, — 0.,02)]|x1, %) (x1, %| + a ) cos[6,]
sin[260) + 60,]1[0x,61 — 0,011 |x1, %) (x1, % + O(T?). (D28)

D.5.4. Second row third column element in coin basis.

U (t, T) = (C] (t, 0) - CI (£, 0))izsjms - ([SL @ S2] - Ca(t, 7) - [SL @ S*1 - Ci(t, T))izajms
+ (G (t, 0) - CJ(t, 0))icajms - (IS} ® S21 - Ca(t, 7) - [SL ® 21 - Gilt, T))imsjes  (D29)

=" cos[br + O]1x1, %) (i, le[—i > cos[6,] sin[&]llxl, %) (x, 0|(p, @ L, — I, ® p,)

X1,X2 X,X2

— iz {cos[0,] — sin[0;](—ady,0, + T9,)} {sin[61] + cos[01]1(—ad, 0, + ady,0h

+ 19D} X1, ) (1, X
+ {sin[02] + cos[0:1(—ady 0 + 792)} {cos[fi] — TV sin[Ai]] |, %) (xi, ]

+ iy sin[0; + Oa]lx, %) (x, lel— >~ {sin[6,]
+ cos[6r]1(—ady,0, + 79} {sin[0] + 791 cos[61]} |x1, %) (x1, x|

+ Z {cos[0,] — sin[0;](—ady,0, + T92)} {cos[01] — sin[61](a0y,01 — a0x,0h

XpX2

+ 1D}, %) (x1, %

+2 > cos[B]cos[Gi]|xi, %) (x1, 0l (P, @ L, — I} ® ﬁz)] + O(t%)

XpX2

= (D30)

U°(t, T) = —% Z cos[6,]sin[26; + 6,]|x1, %) (x1, 0/(p, @ L — I @ p,)

X, X2

+ ai Z [cos?[01 + 60,]0,0, + sin?[6) + 6,]10.,0,]1x1, %) (x1, %]

X1,X2

+ ai ) cos[05]cos[26, + 0,][0x,01 — Ox,01] %1, %) (x1, %]

X1,X2

—ir Y [ + Dallx, 1) (0, %] + O(2). (D31)

X, X2

D.5.5. Third row second column element in coin basis.

UL, T) = (C (t, 0) - C(t, 0))is,jms - (IS} ® S2] - Ca(t, 7) - [S" @ SP) - Gty T))izsjmr
+ (G (t, 0) - CJ(t, 0))izsjms - (IS} ® S21 - Ca(t, 7) - [SL ® S21 - Gilt, T))icsjn (D32)
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=i Z sin[0; + 051, ) (i, le[—% Z cos[Br]cos[61] |x1, %) (x1, x2|(f?1 @L-L® 132)

XX XpX2

+ > {cos[6:] — sin[02](—adyb, + T0,)} {cos[61] — sin[01](—adxb + ady,01 + TOD} X1, %) (x1, %

— {sin[6,] + cos[0,1(—ady 0, + T9,)} {sin[6;] + TV, cos[61]} |x1, %) (x, le]

+ > cos[by + 65]1x1, %) (x1, 0]

X1,X2

—i Z {sin[6,] + cos[62]1(—ady,0, + T9,)} {cos[6i] — T sin[01]} |x1, %) (x1, %]

+ {cos[0,] — sin[6,](—aldy,0, + TV,)}
{sin[61] + cos[01](a0y01 — ady,01(x1 + a, x, t, 0) + 797} X1, %) (%1, %

+ % > cos[B]sin[Gi]|x, x) (x1, 0l (P, @ b — I} ® ﬁz)} + O(1?)

XpX2
=
(D33)

U, 7) = % S cosls1sin[26) + 03] |xi, %) (31, 2|, @ I — Iy @ py)

X1,X2

+ ai Z [sin?[6; + 02]0,0, + cos’[60; + 010,051 |x1, %) (x1, %

X,X2

—ia ) cos[b]cos[26; + 0:][Dx,61 — Dx,0111x1, %) (x1, 0]

XX

— it Y [0 4 Dalln, ) (%, %l + O(T?). (D34)

X1,X2

D.5.6. Third row third column element in coin basis.

US°(t, 7) = (C] (8, 0) - CI (1, 0))i=3,j=2 - ([S} ® SP1- Calt, 7) - [S! @ S?] - Gilt, T))i=2j=3
+(C{ (t, 0) - CJ(t, 0))iz3,jms - (IS} @ SI1- Ca(t, ) - [SL @ %1 - Gi(t, T))iz3j3  (D35)

=iy sin[f) + 0,]|x, %) (x, lelﬁ > cos{@z]sin[t%]]lxh %) (x, wl(p, @ L — I ® p,)

X1, X2 X1,X2

— iZ {cos[6,] — sin[6,](—ad,,0, + T9,)}

{sin[01] + cos[0;](—ady b1 + adx,01 + T} |x1, %) (x1, %]
+ {sin[6,] + cos[6:](—ady b, + T92)} {cos[601] — 79 sin[61]} |x1, %) (x1, %]
+ > cos[by + 65]1x1, %) (x1, 0]

X X2

l—z {sin[0,] + cos[0,]1(—ady,0, + T1),} {sin[01] + TV cos[01]} |x1, %) (x1, %

XpX2

+ > {cos[6:] — sin[6:](—ady,b> + T0,)}

XX

{cos[6h] — sin[01](ady 01 — adx,00 + TUD} a1, %) (31, | + % >~ cos[fr]cos[01]1x1, %) (x1, %]

x(h 9L - ® 132)] + O(t%)

— (D36)

UB°(t, T) — Z %1, %) (21, | = % Z cos[6]cos[20; + 65]|x1, %) (x5, %|(p, @ L, — I} @ p,)

XX X1,X2

+ 8 > sin[26) + 260,][0,0, — 9x,0211x1, %) (x1, x| 4+ a Y cos[6;]sin[26; + 6,][Dx,01

X1,X2 X1,X2

— Oy01l1x1, %) (x1, %) + O(T?). (D37)
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D.5.7. Fourth row first column element in coin basis.
WSO (t, T) = (Cf (8, 0) - CJ(t, 0))igjr - ([SL ® S21- Cao(t, 7) - [S. ® S%] - Ci(t, T))iz1,jm
+ (G (t, 0) - CI(t, 0))izgjs - (ISL @ S2] - Co(t, ) - [S" @ S2] - G, T))icajer  (D38)

=iy sin[0) + 05]]x1, x2) (x1, le[—E >~ cos[Br]cos[01]|x1, x2) (x1, X2l (P, @ L + I} @ p,)

XX XX

+ Z {cos[0,] — sin[0](—ady 0, — ady,0, + T9,)} {cos[61]

XX

— sin[01]1(—ady0, — ady,01 + Y1)} x1, x2) (%1, %)

— {sin[0,] + cos[0:](—ady,0, — ady,0, + T92)} {sin[61] + 7 cos[01]} |x1, x2) (x1, le]

+ > cos[; + 03] x1, x2) (x1, le[—i > - {sin[6s] + 70, cos[6,]1} {cos[61] — T sin[61]} |x1, x2) (x1, x2|

XX XX

+ {cos[0,] — T, sin[6,]} {sin[6;] + cos[01]1(ady,0 + ady,b + T91)}|x1, x2) (x1, %2

+2 > cos[B]sin[01] |x1, x2) (x1, %2/ (P, @ L + [} ® p,) | + O(T?)

XX
e
(D39)
U°(t, T) = % > cos[6:]sin[26; + 05]1x1, %) (x1, %l(p, ® L + I ® p,)
X1,X2

+ia Z sin’[0; + 6,] [0502 + Ox,0:]101, %) (%1, %]

—ia )" cos[b]cos[20; + 0:][0x01 + Ox,0111x1, %) (x1, 0]

—iT Z (D1 + D21, %) (x1, 2| + O(TH). (D40)

XX

D.5.8. Fourth row fourth column element in coin basis.
U5 (t, 7) = (C (1, 0) - C(t, 0))i—ajm1 - ([S} @ ST - Calt, 7) - [SE ® S] - Gilt, T))i=1,j-4
+(C (1, 0) - CI(1, 0))izajma - (IS} @ ST - Co(t, 7) - [SL @ S71 - Gt T)izajms (DAL

=iy sin[0i(x1, %, £, 0) + 02(x1, %, £, 0)]|x1, %) (1, x2|l—% > cos[fa]sin[61]|x1, %) (x1, %l (P,

XpX2 X X2

®L + I ® p,)
— iz {cos[0,] — sin[0;]1(—ady,0, — ady,0, + T9,)} {sin[6;]

XX2

+ cos[601](—ady,0, — ady,01 + 19} |x1, %) (x1, x|

+ {sin[6;] + cos[6,](—ady,0, — ady,0, + TU2)} {cos[6i] — T, sin[01]} |x1, %) (i, le]

+ > cos[0; + 65]1x1, %) (x1, xl| =D {sin[6,] + 79, cos[6,]} {sin[61] + T, cos[1]} |x1, %) (x1,

XX2 X, X2

— {cos[0,] — 79, sin[0,]} {cos[0] — sin[0](a00; + ady,01 + 79D} X1, %) (x1, %

+ 257 coslBy] cos[Bi]x1, %) (3, 6l(p, @ L + T, @ p,) | + OF?)

—
(D42)
UL, T) — Z %1, %) (21, %] = “ Z cos[6;]cos[20; + 65]|x1, %) (x5, %/(p, @ L + I @ p,)
X1,X2 X1,X2
— g Z sin[26’1 + 202] [8x192 + 636202] |X1, X2> <X1, X2| —a Z COS[@Z] sin[201 + 92] [8xl6’1
+ 9,011, %) (x1, %] + O(T2). (D43)
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Appendix E. Deriving the Effective Two-particle Hamiltonian

Using the definition:

%two(t, T) = (0'0 X 0'0) X Z |X1, XZ> (xl, x2| — %—Het%’%’o + 0(7'2)

X1,X2

we get

i7
Hgi® = lim —l% ™o(t, T) — (0o ® 00) ®@ Y |x, %) (%1, le]

—
T—0 T XXa

3 3
=3 (0, ®0:,) @ D Bnn(x1, X 111, ) (31, %] +¢ Y (0,

rn,1=0 X1,X2 r,1=0

®0,,) ® Y O, (%1, %, 1) x1, %) (x1, 2|p, @ L

XpX2

3
+ ¢ Z (0, ® 07,) ® Z @fm (1> % 1) |%1, %) (31, 2|1 @ P,.

r,r=0 X1,%2

where

i
> Eoolxi, X 1)1, 1) (31, %] = hrrz) 4—[7l °(t, T) + UYL, T) + US°(t, T) + UL, T)
T

XpX2

—4 Z |x1, %2) (%1, le] =0,

XpX2

> Eosx % 1) |1, 1) (%1, 2] + cOF3 (a1, x5 1) X1, 20 (1, 0|y @ P, = 111%4—[%“%(1‘ )

X1p,X2

— UYL, T) + UD°(t, T) — UZ°(t, T)]

" i/ic .
=c Y cos[Br]cos[20; + 0:]1x1, %) (x1, 0|l @ p, + e > sin[26) + 26,]10,,651x%1, %) (x1, x|

X1,X2 X1,X2

+ i/ Z cos[60,]sin[20; + 0,]0,01|x1, %) (x1, %3],

XbX2

> Eso(xn, %, D)1, %) (%1, %) + O (1, X, 1) |1, 1) (X1, 2P, @ I = 111%4—[%“”00 7)

X1p,X2

UL, T) — US°(t, T) — USE°(2, T)]

A i/2c .
=cC Z COS[az] COS[201 + 92] |X1, X2> <X1, x2|p1 X ]12 + 1— Z sm[291 + 292] 6X102|x1’ XZ> <X1, X2|

X1,X2 X1,X2

+ i/ic Y cos[0r]sin[26; 4 6,105, 01|x1, %) (x1, %],

X1,X2

i

Z ._433(9(31, X5 t)lxl) X2> <x1> x2| - hm 4_[?[ (t T) %ﬂvo(t: T) - %ggo(t) T) + %gg]o(t) 7_)] - 0)

T7—0 4T
XX2

Z \—‘ll(xl) X2 t) |.X'1, x2> <X1, le - hm 4_[7/(t)v§0(t T) + %{wo(t T) + ‘%%0(13 T) + %;V(\)lo(t) 7_)]

T
X1,X2

fic
=== " [0402 + 0,0:11x, %) (x1, % + 4y [P + Dallx, %) (x1, %],

X1,X2 XX2

Z Elz(xl) X5 t) |x1) x2> <x1) le + C@lzz(xla X5 t) |x1) x2> <x1) xZHIl ® ﬁz

= —lim —[%m(t T) — UL, T) + UL, T) — U3 (8, 7)]
T—0 471
=c Z cos[6,]sin[26; + 605]|x1, %) (x1, 0|l ® P,
i/ic .
- Z cos[26; + 20,]10,,01)x1, %) (x1, x| — i/ Z cos[6;]cos[20; + 0,1 0x,01|x1, %) (x1, %3],

(ED)

(E2)

(E3)

(E4)

(E5)

(E6)

(E7)

(E8)
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=" Eoi(x % 1) |1, 2) (31, 2] + €O (x1y x5 1) |31, %) (1, 2] py; @ I

XpX2

= —lim 4&[%@‘)(@ T) + %{vzvo(t, T) — %E‘R'O(t, T) — %;Vg‘)(t, ]
7—0 4T
=c Z cos[6,]sin[26; + 65]]x1, %) (x1, |p; @ I

XpX2

i71c .
_ Z cos[26; + 20,]10,,04)x1, %) (x1, x| — i/ Z cos[B;]cos[26, + 0,10,,01|x1, %) (x1, %3], (E9)
XX XpX2
—_— . ﬁ 0 (¢} (6] (¢}
> B, %, 1) |1, %) (31, % = hrré;—[—%‘g (t, T) + UB°(t, T) + UL, T) — USC°(t, T)] = 0.

T
XX

(E10)

Allother =, ,,(x, %, 1), @zrz (x5 %, 1), @fm (%1, %, t)arezero for all position and time steps xi, x, f.
Therefore, in this case the effective two-particle Hamiltonian looks like

HE = > (00 ® 03) ® E3(x1, %, 1) [x1, %) (31, 2] + cOF3(x1, %, )1, %) (%1, 2|11 @ P,

X%
+ (03 ® 00) @ Z30(x1, %, 1) [X1, %) (X1, %

+ O3 (x1, X, 1) |x1, %) (%1, 2| py; @ b + (01 ® 02) @ Enals, %, 1) |x1, %) (61, 0]

+ O (x1, %, ) %1, %) (x5, 2|} @ b,

+ (02 ® 01) ® Ea1(x1, %, 1) 31, %) (X1, 2] + €O (x1, %, 1)1, %) (31, 2| p; @ I

+ (01 ®@ 01) ® En(x, %, 1) |x, %) (%, . (E11)
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