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Abstract
Wepresent a scheme to describe the dynamics of accelerating discrete-time quantumwalk for one-
and two-particle in position space.We show the effect of acceleration in enhancing the entanglement
between the particle and position space in one-particle quantumwalk and in generation of
entanglement between the twounentangled particle in two-particle quantumwalk. By introducing
the disorder in the formof phase operator we study the transition from localization to delocalization
as a function of acceleration. These inter-winding connection between acceleration, entanglement
generation and localization alongwithwell established connection of quantumwalks withDirac
equation can be used to probe further in the direction of understanding the connection between
acceleration,mass and entanglement in relativistic quantummechanics and quantumfield theory.
Expansion of operational tools for quantum simulations and formodelling quantumdynamics of
accelerated particle using quantumwalks is an other directionwhere these results can play an
important role.

1. Introduction

Quantumwalks [1–4] have played an important role in development of various quantum information
processing and computation protocols [5–8]. It is also among themost promising candidate tomodel controlled
quantumdynamics and understand them fromquantum information perspective. One can see quantumwalks
as a very promising protocol for quantum simulations in parallel to that of the classical randomwalkwhich has
played an important role in classical simulations over decades now.Demonstration of realization of quantum
walks in a variety of physical systems, such asNMR [9], trapped ions [10, 11], integrated photonics [12–15], and
bulk optics [16] in recent years guarantee a promising role it can play in broadfield of future quantum
technologies.

Quantumwalks evolves particle in extended position spacemaking effective use of quantumphenomena
like superposition and interference. This results in quadratically faster spreading of wavepacket in positionwhen
compared to classical randomwalk [5, 6, 17]. Analogues to discrete version of classical randomwalk, discrete-
time quantumwalk spreads in positionHilbert spacewith probability amplitude assigned using a quantum coin
operation on the particle (walker)Hilbert space. The general unitary coin operation can have a three
independent parameters [18]which can help in providingmore control over the dynamics. These simple
dynamics has proved to be a strong algorithmic techniques inmodelling the dynamics of for example,
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photosynthesis [19], diffusion in quantum system [20], localization (Anderson localization andWeak
localization) [21–32], topological phases [33–36], Dirac equations and associated dynamics [37–44].

In this workwewill introduce acceleration in the discrete-time quantumwalk dynamics by introducing a
time-dependent parameter into the quantum coin operations. Changing the acceleration parameter changes the
way probability amplitude spreads in the position space andwe observe some interesting features like
enhancement in the quantity of entanglement between the particle and position space as a function of
acceleration in one-dimensional single-particle quantumwalk.We also study the two interacting particle
discrete-time quantumwalk and present the situationswhere acceleration plays a role in entangling the two
initially unentangled particles. These results are in general valid for any time dependent function of coin
parameter which introduces acceleration into the dynamics. The interacting coin operator we have used in our
two particle dynamics without acceleration parameter in itsHamiltonian form is equivalent to theHamiltonian
of Isingmodel which is a special case of generalisedHeisenbergmodel [45, 46].

Disorder in any of the parameter describing the single-particle discrete-time quantumwalk dynamics has
been studied in past [47, 48]. The disordered discrete-time quantumwalk leading to localization of the particle
in position space resulting inAnderson localization (strong localization) andweak localization [17, 27–29,
49–51] has also been extensively reported. Here, using the quantum coin operator followed by a phase operator
wewill introduce both, acceleration and disorder, respectively into the quantumwalk dynamics. This enabled us
to study the interplay between the acceleration and localization of the single-particle quantumwalker.We
further extend our study to two-particle walker and show the role of localization in enhancing and preserving the
entanglement between the two initially unentangled particle for larger number of steps of quantumwalk.
Anderson localization of entangled particle has already been implemented in experiment [30]. Here we are
presenting a scheme to implement two-particle quantumwalkwhere the two particles are initially unentangled
but after few steps of walk they entangle and howdisorder in suchwalk effects the localization. These inter-
winding connection between acceleration, entanglement generation and localization alongwithwell established
connection of quantumwalkswithmassiveDirac equation [37] can be used to probe further in the direction of
understanding the connection of acceleration,mass and entanglement in relativistic quantummechanics and
quantumfield theory. These results will further guide us in developing an operational tools for quantum
simulations and formodelling the dynamics of range of accelerated quantumparticle using quantumwalks. Our
work presents both, analytical study followed by analysis of the dynamics from the dispersion relations and
numerical results complements where analytical results were not attainable.

In section 2we introduce accelerated discrete-time quantumwalk in one dimension and two dimension for
one-particle and two-particle quantumwalk, respectively.We have described the single-particle accelerated
quantumwalk and have shownhow the acceleration changes the probability distribution and its effect on
entanglement between the single particle and position space. Dynamics of the two-particle acceleratedwalk in
two-dimensional and the interaction between the particles and its confinement to one spatial dimension due to
bosonic/fermionic nature is also introduced in the same section. In section 3, we have calculated the dispersion
relation and the transfermatrix for accelerated discrete-time quantumwalks for single- and two-particles. This
shows how the probability amplitude changes fromone position to an another for a given time step and also the
dependence of probability amplitude on the parameter of the evolution operator. Thenwe have introduced
temporal and spatial disorder in the one of the parameter of evolution operator (coin operator) and acceleration
in the other coin parameter to studyweak and strong (Anderson) localization in the accelerated discrete-time
quantumwalk. For accelerated quantumwalk, probability amplitude spreads faster over larger space as we
increase acceleration. In both, sections 2 and 3we have studied the entanglement between the two-particles after
tracing out the position space and entanglement between the particle and position space in two-particle
accelerated discrete-time quantumwalk. This shows that evenwhenwe start with an unentangled initial state,
after few steps of quantumwalkwefind the particles to be entangled but as the time increases the entanglement
between the particles decays for acceleratedwalk. The decay time is lower aswe increase the acceleration.
Similarly, for disordered two-particle accelerated quantumwalk, the decay time is lower aswe decrease the
acceleration. Entanglement between the particle and position space shows similar characteristic as single-
particle acceleratedwalk in one dimension. In section 4we amalgamate our observations and conclude.

2. Accelerated discrete-time quantumwalk

2.1. Single-particle
Evolution of a single-particle discrete-time quantumwalk is defined on aHilbert spacewhich is a
composition of a particle (coin)Hilbert space and the positionHilbert space,  = Äc p. The coinHilbert
spacec represents the addressable basis state of the particle which is subjected to the quantumwalk and the
positionHilbert spacep represents the position basis states onwhich the particle canmove in superposition of
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position space. For a two level particle as quantumwalker in one-dimensional position space, thec is spanned
by the basis states ñ ñ{∣ ∣ }, andp is spanned by the basis state ñ{∣ }x where Îx . The initial state of particle
onwhichwe define the quantumwalk can bewritten in the form,

a bY ñ = ñ + ñ Ä = ñ∣ ( ∣ ∣ ) ∣ ( )x 0 . 1in

The evolution operator which defines each step of the standard or homogeneous discrete-time quantumwalk is
composed of a quantum coin operator,

åq
q q
q q

=
-

-
Ä ñá

⎛
⎝⎜

⎞
⎠⎟( ) ( ) ( )

( ) ( ) ∣ ∣ ( )C
i

i
x x

cos sin
sin cos

2
x

0
0 0

0 0

followed by a position shift operator

å= ñá  Ä - ñá + ñá  Ä + ñá[∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣] ( )S x x x x1 1 . 3x
x

After t steps of quantumwalk, the state will be in the form,

 åqYñ = Y ñ = ñ + ñ Ä ñ∣ ( ( )) ∣ ( ∣ ∣ ) ∣ ( )S C x 4t x
t

in
x

x t x t0 , ,

wherex t, and x t, are the probability amplitudes of the states ñ∣ and ñ∣ at position x and time t. Amplitudes
x t, and x t, as a function of amplitude at its neighbouring position at previous time (t−1) can bewritten as,

  q q= -+ - + -( ) ( ) ( )icos sin 5x t x t x t, 0 1, 1 0 1, 1

  q q= - +- - - -( ) ( ) ( )i sin cos . 6x t x t x t, 0 1, 1 0 1, 1

The probability distribution in position space at time  = +∣ ∣ ∣ ∣t P, x t x t x t, ,
2

,
2 will spread quadratically faster in

bimodal formwhen compared toGaussian spread of the classical randomwalk [7]. However, deviation from the
bimodal distribution can be obtained inmultiple ways. For example, by increasing the dimension ofc to three
and defining the corresponding evolution operator, an additional localizedmode can be obtained [8]. By
introducing coin operationwith randomly picked coin parameter for different position (spatial disorder) or for
different time (temporal disorder), a strongly localized or aweakly localized probability distribution can be seen
[17, 26–29, 31, 51]. Thus, with the controllable quantumwalk evolution parameter one can demonstrate a good
control over the dynamics and probability distribution of the quantumwalker.

In Fouriermode, wave like solution form the probability amplitude x t, and x t, can in general bewritten

as y y k= w k- + ( )( )ex t
i t x

, 1
1 1 whereω1 is thewave frequency andκ1 is thewave number and y y º ( );x t x t, ,

 ( );x t x t, , . Substituting the Fourier formof the probability amplitude in equations (5) and (6) and solving for a
relation betweenκ1 andω1 we get the dispersion relation of the form,

w q k=( ) ( ) ( ) ( )cos cos cos 71 0 1

which implies that the group velocity for the probability amplitude is given by,

q k

q k
=

-

( ) ( )
( ( ) ( ))

( )v
cos sin

1 cos cos
. 8g

0 1

0 1
2

Maximizing the group velocity with respect toκ1, wefind that vg ismaximum forκ1=π/2,

q= ( ) ( )v cos . 9g 0

When θ0=π/2 in the coin operation of the form given by equation (2), the amplitude of quantumwalkerwill
remain localized between position x=0 and x=±1 for all time t.When θ0=0, the two states of thewalker
willmove away from each other and particle will only be seen at the positions x=±twith non-zero probability.
For both these values of θwewill not see any interference effect in the dynamics and they define the bounds on
the spreading of thewalk. For any value of θ between these values, interference effects plays an important role
and the spread of the probability distribution of thewalker after t steps of walk will be bounded between

q ( )t cos 0 [7, 18] and this is also evident from equation (9)where for given value of θ0, themaximumvalue of
the group velocity is q( )cos 0 . Since θ in the coin operation plays an important role in defining the dynamics of the
walker, bymaking θ a time dependent parameter we can construct a quantumwalk evolutionwhich results in
upward change of group velocity for each increasing instant of time. This upward change in group velocity will
introduce instantaneous acceleration to the quantumwalk dynamics. Therefore, acceleration to quantumwalk
dynamics can be introduced any time dependent function of coin parameter which contributes change in group
velocity with time.Here, wewill choose a time dependent coin parameter of the form

q q= -( ) ( )a t e, 10at
0

in place of θ0 in the standard quantum coin evolution operator, equation (2). The parameter a in the coin
operation induces acceleration to the dynamics where theminimum spreadwill be bounded by the value of θ0
andmaximum spreadwill be achievedwith time for any small value of a>0 (q  0). Infigure 1, q -( )ecos at

0
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has been plotted as function of t for different value of a. For higher value of awe can see q -( )ecos at
0 reaching

unity very early in time. After reaching unit value, thewalker will continue to spreadwithmaximumvelocity.
This also gives us a range of values a tomodel and study the effect of different rate acceleration on the quantum
walk dynamics.

Figure 2 represents the probability distribution for single-particle accelerated quantumwalk in one
dimension for different value of a and θ0. As the value of a increases, the spread in the position space increases.
This can be understood by noting a faster decrease in value of θwith increase in the value of a and t, that is,
q ( ) ⟶a t, 0 spreads probability distribution over larger space. The value θ0 sets theminimum spread (non-
accelerated) awalker can achieve. Infigures 3 and 4 standard deviation (σ) as function of number of steps (t) and
the acceleration (a) for different values of θ0 is shown. A significant increase inσwith increase in a is seen until it
attains amaximum spread bounded byσ=t and θ0 sets theminimumσ.

2.1.1. Entanglement
In quantumwalk dynamics the superposition and quantum interference results in quantum correlation
between the particle and the position space [49, 52–54]. Quantum correlations in quantumwalks using different
forms ofmeasure has been investigated [55–57] and some interesting results like enhancement of entanglement

Figure 1.Effect of parameter awhich induces acceleration on the quantumwalker as function of t is shown by plotting q -( )ecos at
0 .

For higher value of awe can see a value reaching unity at earlier time. This gives us a range of values a to look into to understand the
effect of acceleration on the quantumwalk dynamics.

Figure 2.Probability distribution of an one-dimensional accelerated quantumwalkwith q q= -( )a t e, at
0 for different value of a

after t=200 steps of walk. Parameter a=0 corresponds to evolutionwith constant velocity, an homogeneous evolution and the
minimum spread is set by the value of θ0.With increase in a, spread in position space increases. The initial state is Y ñ = ñ +∣ (∣in

1

2
ñ Ä = ñ∣ ) ∣x 0 . Probability distribution is shown for θ0=π/4 and θ0=π/2 (inset). The spread isminimum for a=0 andwhen
θ0=π/2, it is localized at the origin x=0.
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with temporal disordered coin operations have been reported [26, 58]. In this sectionwewill look into the effect
of acceleration on entanglement generated in the system, between particle and position space. This will help us
in understanding the entanglement generation between two-particles and its survival during quantumwalk of
two accelerated particle in the following sections.Wewill use negativity as a quantifyingmeasure of
entanglement which is given by,

 år
l l

º =
-( ) (∣ ∣ ) ( )E
2

11c p c p
i

i i
, ,

where,λi is the eigenvalue of the partial transpose of the densitymatrix ρ. Negativity is chosen as ameasure to
quantify entanglement because of its validity evenwhenwe have amixed state, that is, whenwe trace out position
space and look at entanglement between the two particles in two-particle systemwe study in the following
sections. Figure 5 shows the negativity between the particle and position space for different value of acceleration
parameter a in the coin operation parameter θ. It is comparedwith the negativity generated in standard discrete-
time quantumwalk (homogeneous)which can be recovered by substituting a=0 and θ0=π/4. Themaximum
value of the negativity for the formula we have used in equation (11)will be 0.5. For an accelerated quantumwalk

Figure 3. Standard deviation of an one-dimensional accelerated quantumwalkwith q q= -( )a t e, at
0 for different value of a as

function of t (steps). The initial state is Y ñ = ñ + ñ Ä = ñ∣ (∣ ∣ ) ∣x 0in
1

2
. Standard deviation is shown for two values of θ0=π/4

andπ/2 (inset).With increase in a and t increase in standard deviation is seen and the increase ismore pronounced then θ0=π/2.

Figure 4. Standard deviation of an one-dimensional accelerated quantumwalkwith q q= -( )a t e, at
0 for different value of θ0 as

function of awhen t=200. The initial state is Y ñ = ñ + ñ Ä = ñ∣ (∣ ∣ ) ∣x 0in
1

2
.With increase in a an increase inσ is seen until it

reaches amaximumvalue (σ=t).
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we can see a study increase in negativity with increase in number of steps. For higher value of a, negativity
increases with number of steps and quickly reaches amaximumvalue and remainsmaximumwith further
increase in steps. For smaller value of a, a very slow increase in negativity as function of number of steps is seen.
In general, one can see a significant increase in negativity with increase in acceleration andwith increase in
number of steps (time) until it reaches amaximumvalue.

Increase in standard deviationwith acceleration happens due to the transition of quantum coin operation
towards identity operator with time and for higher value a coin evolution operator tends towards identity faster.
This implies that with a>0 a particle which spreads in position space localizes the two states ñ∣ and ñ∣ to
bimodal form andmove away from each other.

The increase in negativity seenwith time dependent coin operation causing acceleration allies well with the
earlier results of increase in entanglement between particle and position space due to random coin operation for
each time [26, 58]. Thus, one can say that the enhancement of quantum correlation (negativity or entanglement
entropy) is in general due to the time dependent quantum coin operation and not due to a specific effect of
randomness in time.

2.2. Two-particle
Understanding andmodelling the dynamics of interacting quantumparticles has been one of the prime interest
of study for over decades now [45, 59]. In particular, with advances in quantum information theory,
entanglement between the interacting particles inmany body physics has received special interest [46, 60–62].
Herewe present a simplemodel to study the entanglement between the two interacting particle and the effect of
acceleration using accelerated two-particle discrete-time quantumwalk.

The two-particle discrete-time quantumwalk is defined on aHilbert space    = Ä Ä Äc c p px y1 2
,

wherec1
andc2

are theHilbert space composed of the two internal degrees of freedomof the two-particles,
respectively. The particleHilbert space = ñ ñ{∣ ∣ }span ,cj

where j=1, 2 and positionHilbert space

 = ñ Î{∣ }span x x,px
and = ñ Î{∣ }span y y,py

represents the position basis states in two dimension.

The evolution operator for a two-particle quantumwalk in two-dimensional space is defined using an unitary
interacting operator (Cθ) followed by a position shift operator S(x,y). The interacting operator on particleHilbert
space is given as,

 q q s s

q q
q q
q q

q q

= Ä - Ä

=

-
-

-
-

q

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟

( ( )( ) ( )( ))
( ) ( )

( ) ( )
( ) ( )

( ) ( )

( )

C i

i
i

i
i

cos sin

cos 0 0 sin
0 cos sin 0
0 sin cos 0

sin 0 0 cos

. 12

x x0 2 2 0

0 0

0 0

0 0

0 0

0

Hereσx is the -x Paulimatrix. The qC
0
, decides the amplitudes of the occurrence of each allowed states and thus

acts as two-particle quantum coin operation. It invokes Ising interactionwithHamiltonianH=σx⊗σx
between the two particles. The position shift operator S(x,y) takes the form,

Figure 5.Negativity of an one-dimensional accelerated quantumwalkwith q q= -( )a t e, at
0 for different value of a and θ0 as function

of steps (t). a=0 corresponds to evolutionwith constant velocity, an homogeneous evolution and the negativity isminimum for this
case and reaches a study value below themaximum. The initial state is Y ñ = ñ + ñ Ä = ñ∣ (∣ ∣ ) ∣x 0in

1

2
. Negativity is shown for two

values of θ0=π/4 andπ/2 (inset).With increase in a an increase in steps and an increase in negativity is seen. In the inset
entanglement is plotted only for ¹a 0 values. For a=0wewill only see the oscillation between themaximumandminimumvalues.
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åº  ñá   Ä - ñá Ä ñá

+  ñá   Ä ñá Ä Ä + ñá
+  ñá   Ä ñá Ä - ñá
+  ñá   Ä + ñá Ä ñá

[∣ ∣ ∣ ∣ ∣ ∣

∣ ∣ ∣ ∣ ∣ ∣
∣ ∣ ∣ ∣ ∣ ∣
∣ ∣ ∣ ∣ ∣ ∣] ( )

( )
( )

S x x y y

x x y y

x x y y

x x y y

1

1

1

1 13

x y
x y

,
,

which evolves the particles into superposition of position space. The unitary evolution operation for each step of
two-particle walk is given by,

q º Äq( ) ( ) ( )( )W S C 14x y N0 , 0

where N is the identity operator on the position space of lengthN. After t-time steps, state of the system

 

 

å
qY ñ= Y ñ

=  ñ +  ñ Ä ñ

+  ñ +  ñ Ä ñ

∣ ( ) ∣
( ∣ ∣ ) ∣

( ∣ ∣ ) ∣ ( )
( )

W

x y

x y

,

, . 15

t
p t

in
p

x y
x t x t

y t y t

2
0

2

,
, , 0

, , 0

For three different initial state in the form, yY ñ = ñ Ä ñ∣ ∣ ∣x y,p
c0

2
0 0 , the probability distribution after 10 steps in

two-dimensional position space is shown infigures 6, 7 and 8.We can see that the probability distribution in
x-direction and y-direction are independent of each other and are dependent on initial coin state. If the initial
state of the two particle is in one of the basis states  ñ Ä = ñ Ä = ñ∣ ∣ ∣x y0 0 or  ñ Ä = ñ Ä = ñ∣ ∣ ∣x y0 0
the state after t stepwill evolve only in configuration of two of the basis states and one-dimensional space,

Figure 6.Probability distribution for two-particle discrete-time quantumwalk in two-dimensional position spacewhen the initial
state is Y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in for θ0=π/4.

Figure 7.Probability distribution for two-particle discrete-time quantumwalk in two-dimensional position spacewhen the initial
state is Y ñ =  ñ +  ñ Ä = ñ Ä = ñ∣ (∣ ∣ ) ∣ ∣x y0 0in

1

2
for q p= 40 .
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 å
qY ñ=  ñ Ä = ñ Ä = ñ

=  ñ +  ñ Ä ñ Ä = ñ

∣ ( ) ∣ ∣ ∣
( ∣ ∣ ) ∣ ∣ ( )

W x y

x y

0 0

0 , 16
t

p t

x
x t x t

2
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, ,

 å
qY ñ=  ñ Ä = ñ Ä = ñ

=  ñ +  ñ Ä = ñ Ä ñ

∣ ( ) ∣ ∣ ∣
( ∣ ∣ ) ∣ ∣ ( )

W x y

x y

0 0

0 . 17
t

p t

y
y t y t

2
0

, ,

This initial state and the choice of coin and shift operatorwe have chosen ensures the fermionic and bosonic
nature of thewave function as the symmetry and anti-symmetry is introduced in the spin state. The initial
position space is also symmetric i.e., = ñ Ä = ñ∣ ∣x y0 0 . Our interest here is to beginwith an unentangled two-
particle state and explore the dynamics that can entangle and further investigate its survival with time. Therefore,
for all the two-particle dynamics wewill hereafter set the initial state to be, Y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in

p2

and this should hold good even for the initial two particle state  ñ∣ . For this configurationwe can note that the
probability amplitude spreading of two-particles will evolve together just like a single-particle quantumwalk.
However, this simple evolutionwill still allow us to explore the interesting dynamics resulting in entanglement
generation between these two particles evolving together.

Acceleration in the two-particle quantumwalk is introduced by replacing θ0 in the interaction operator,
equation (12)with q q= -( )a t e, at

0 where a is the parameters which set the acceleration rate. Figure 9 shows the
probability distribution of the two-particle accelerated quantumwalkwith different values of acceleration
parameter a and as the acceleration in the system increases the spread of the probability amplitude in position
space also increases.

2.2.1. Entanglement
For a one-particle quantumwalkwe only had two theHilbert space associatedwith the dynamics, particle and
position space. Therefore, only entanglement between the particle and position spacewas calculated. For a two-
particle quantumwalkwewill independently haveHilbert space of two particles and both the dimension of the
position space. Thus, one can calculate the entanglement between the two-particle and position space, and
entanglement between just the two particle after tracing out the position space.

Entanglement between the two-particle walker and positionHilbert space is given by the negativity between
the two-particle (coin) and positionHilbert space,

 år z zº = -r( ) (∣ ∣ ) ( )E
1

2
18c p

j
j j, c p,

where, ζjwith Îj are the eigenvalues of partial transpose of densitymatrix ρ inHilbert space =
  Ä Äc c p1 2 x

.
Entanglement between the two-particleHilbert space is given by the negativity in the particleHilbert space

after tracing out the positionHilbert space from the total densitymatrix r y y= ñá( ∣ ∣). That is, negativity of the
mixed state of two-particleHilbert space after tracing out the positionHilbert space ρc=trp(ρ) is given by,

Figure 8.Probability distribution for two-particle discrete-time quantumwalk in two-dimensional position spacewhen the initial

state is Y ñ =  ñ +  ñ +  ñ +  ñ Ä = ñ Ä = ñ∣ (∣ ∣ ∣ ∣ ) ∣ ∣x y0 0in
1

2
for θ0=π/4.
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 år l lº = -r( ) (∣ ∣ ) ( )E
1

2
19C C

i
i i1, 2 C C1, 2

where,λiwith (i=1, 2, 3, 4) are the eigenvalues of partial transpose of densitymatrix ρc. To study the
entanglement between the two particles in accelerated quantumwalkwewill choose one of the basis of coin state
as initial coin state and hence thewalk can be reduced to one-dimensional position-space accelerated
quantumwalk.

Infigure 10, negativity between theHilbert space of the two quantumwalker and one of the positionHilbert
spacepx

inwhich it evolves as function of time (t) is shown for different value of awhen θ0=π/2 andπ/4. As
the probability distribution in y-direction is zero for the initial state Y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in we
have ignored thepy

. For an acceleratedwalker for any value awhen q( ( ))a tcos , goes from0 to 1with time t

(θ0=π/2)we see an increase in negativity with time andmaximumvalue of negativity is reached by anwalker
with higher value of a. However, for an acceleratedwalkerwith an offset θ0=π/4 (θ0<π/2) the value of

q( ( ))a tcos , increase with a small gradient and the effect of acceleration does not last long in the dynamics.
Therefore, we don’t see any noticeable increase in entanglementwhen compared to quantumwalkwithout
acceleration.Heuristically we can say that a gradient in acceleration before it is saturated tomaximumvalue
plays an important role in generation ofmaximum entanglement between the two-particle and the position
space.

Figure 9.Probability distribution of two-particle accelerated quantumwalk in one-dimensionwith q q= -( )a t e, at
0 for different

value of a after t steps of walk. For θ0=π/2, t=500 and for a=0which corresponds to an homogeneous evolution, does not give
any spread in the position space therefore is not shownhere but with increase in a, spread in position space increases symmetrically for
unentangled initial state. In the inset we showprobability distribution for θ0=π/4 for t=400 steps for different values of a and here
we see asymmetric probability distribution for unentangled initial state. The initial state is Y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in .

Figure 10.Negativity of two-particle accelerated quantumwalk in one-dimension positionHilbert space px
between position and

particle spacewith q q= -( )a t e, at
0 for different value of a and θ0 as function of steps (t). Probability distribution inHilbert space py

is zero for the given initial state. a=0 corresponds to evolutionwith constant velocity, an homogeneous evolution. The initial state is
Y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in . Negativity is shown for two values of θ0=π/2 andπ/4 (inset).With increase in a an increase in
negativity is seenwith time for θ0=π/2 but a decrease in negativity is seenwith time for θ0=π/4.
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Infigure 11, negativity just between the two particles after tracing out the position space as function of time
(t) for different value of awhen θ0=π/2 andπ/4 is shown. For non-accelerated quantumwalk (a= 0)when
θ0=π/2we do not see any entanglement being generated between the two particles. However, for small value
of awe can notice generation of entanglement between the two particles and after a long time evolution it fades
off.With increase in a, entanglement generated decreases and fades off faster with time.When the offset of θ(a, t)
is set with θ0=π/4 and a=0 the coin operator equation (12) itself will acts as an entangling operator and it
entangles the two particles instantaneously and remains entangled.However, with increase in a the
instantaneous entanglement generated fades off faster dis-entangling the two particles.

To have a further clarity on the generation of entanglement between the two particles when accelerated, in
figure 12we have plotted negativity as function of both, a and twhen θ0=π/2.We can arrive at the following
conclusion : for extremely small value of a the entanglement between the two particles picks up slowly andwill
remain entangledwith time.With increase in both a and t simultaneously, entanglement fades off faster
with time.

Our choice of initial state and interacting coin operation in this subsection on two-particle quantumwalks
reproduces the dynamics identical to the single-particle quantumwalk. Therefore, it is appropriate to draw
connection of two-particle quantumwalk described in this sectionwith the established connection of single-
particle quantumwalkwith theDirac equation [4, 37–43]. Parameter θ in the quantumwalk coin operation or in
the operations that describeDirac cellular automata has been effectivelymapped to themass and velocity of
Dirac particle, that is, qµ ( )m sin and qµ ( )c cos . This allows us to connect the role ofmass in generation of
entanglement between the two particles of samemass under quantumwalk evolution.When θ is a function of a
and twe see that small value of a corresponds to largermass of the particle. Thus, higher themass, slower is the
spread and higher is the entanglement generation.

Figure 11.Negativity of two-particle accelerated quantumwalk between particle spacewith q q= -( )a t e, at
0 for different value of a

and θ0 as function of steps (t). a=0 corresponds to evolutionwith constant velocity, an homogeneous evolution. The initial state is
Y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in . Negativity is shown for two values of θ0=π/2 andπ/4 (inset).With increase in a a decrease in
negativity is seenwith time.

Figure 12.Negativity between the two particles after tracing out the position space using q q= -( )a t e, at
0 as a function of both a and t

when θ0=π/2. a=0 corresponds to evolutionwith constant velocity, an homogeneous evolution. The initial state is Y ñ =∣ in

 ñ Ä = ñ Ä = ñ∣ ∣ ∣x y0 0 . For small value of a one can see the entanglement generatedwith accelerated quantumwalk does not
fade off with time (steps).
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3.Disorder and localization

3.1. Single-particle
Disorder in discrete-time quantumwalk has been studied by replacing θ0 in the quantum coin operationwith a
randomvalue 0�θj�π in position ( j= x) or time ( j= t) [26, 49, 50]. In an alternative approach, disorder has
been introduced in the formof randomphase operation alongwith the coin operationwithfixed θ0 [47, 48]. In
order to introduce disorder in discrete-time quantumwalk by retaining the parameter that will accelerate the
walker, wewill use the later approach and introduce disorder in phase operatorΦ(f) given by,

åfF = Äf
⎜ ⎟⎛
⎝

⎞
⎠( ) ∣ ⟩⟨ ∣ ( )

e
x x

1 0
0

. 20
i

x

The effective coin operatorwithout disorder and acceleration alongwith the phase operatorwill beB(θ0,f)=
Φ(f)C(θ)which inmatrix formwill be given by,

åq f
q q

q q
=

-
-

Ä ñáf f

⎛
⎝⎜

⎞
⎠⎟( )

( ) ( )
( ) ( )

∣ ∣ ( )B
i

ie e
x x,

cos sin

sin cos
21

i i
x

0
0 0

0 0

and the evolution operator for each step of the quantumwalkwill have the form,

f q q f= F º( ) ( ) ( ) ( )W S C S B , . 22x x0 0

The dynamical expression for the evolution operator with phase is given by,
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as  y y = ( ) ( ); ;x t x t x t x t, , , , are the probability amplitudes. For this given evolution operator, in absence of
disorder, the Fouriermodewave like form for probability amplitude x t, and x t, can in general bewritten as
y = w k- +( )ex t

i t i x
,

1 1 whereω1 is thewave frequency andκ1 is thewave number. Substituting the Fourier formof
the probability amplitude in equation (23) and solving for a relation betweenκ1 andω1 we get the dispersion
relation of the form,

w f q k f+ = +( ) ( ) ( ) ( )cos 2 cos cos 2 . 241 0 1

Thiswill give the group velocity of the form,

q k f

q k f
=

+

- +

( ) ( )
( ) ( )

( )v
cos sin 2

1 cos cos 2
25g

0 1

2
0

2
1

and it implies that for evolution operator with phase, the group velocity depends upon both, the evolution
parameters θ0 andf. Transfermatrix approachwill give an insight into the dependence of the amplitudes on the
coin parameter when particlemoves fromone position to an other position at any given time. The transfer
matrix for single-particle discrete-time quantumwalk in one dimension for coin operatorB(θ0,f)with the two
componentfield  y yY = =  - -( ) ( ); ;x x x x x, , 1 1 in generic form at time t is given by,

q q
q q

=
-f

w f f

f w f
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+ -

- +
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2
2 2

2 2
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x x
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1

1

The state at any position using transfermatrix is given by,Ψx+1=TxΨx and this will have both the parameters
θx andfx. Therefore, the spatial disorder can be introduced in the systembymaking either one of the coin
parameter θx orfx position dependent with a randomized value. Similarly, the evolution operator equation (22)
also depends upon both the parameters θ andf of the coin operator, thus, randomizing any one of themwith
timewill give temporal disorder. For accelerated discrete-time quantumwalkwith disorder we can keep
q q q= = -( )a t e, t

at
0 to accelerate thewalk and introduce disorder by randomizingfwith position or time for

spatial and temporal disorder, respectively.

3.1.1. Spatial disorder
As described above, randomizingfx parameter in coin evolutionwill lead to spatial disorder and the quantum
walk can be accelerated by using coin parameter q q= -et

at
0 . Parameterfx is randomly picked for each position

from the range 0�fx�π. The state after time twith spatial disorder in accelerated discrete-time quantum
walk is given by,
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where q f q f¢ º å Ä ñá( ) [ ( ) ∣ ∣]B B x x, ,t x x t x at time t and accelerating parameter θt. The iterative formwill be,
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Figure 13 shows the probability distribution of a single-particle accelerated quantumwalk for different values of
awith spatial disorder in the phase parameter when q p= 20 . In the plot we use the acronymASQW—

Accelerated Spatial-disorderedQuantumWalk to identify the probability distribution due to spatial disorder in
accelerated quantumwalk. Particle delocalizes for higher value of a implying that θ operator which saturates at
maximumvelocity q ( )a t, 0 dominates over the randomphase operator. Dispersion relations also gives us a
picture of interplay between θ andf.

3.1.2. Temporal disorder
The temporal disorder in the single-particle quantumwalk can be introduced by a time (step) dependent phase
parameterft.ft can be randomly picked for each time-step from the range 0�ft�π. The state after time t
with temporal disorder for accelerated quantumwalk is given by,

q f q f q fY = Y∣ ( )⟩ ( ) ( ) ( )∣ ⟩ ( )t W W W, ... , , . 29T t t t in2 2 2 1 1 1

The iterative formof the state of the particle at each position x and time (t+1)will be identical to equation (28)
with a replacement offt in place offx. Figure 13 shows the single-particle accelerated quantumwalk for different
values of awith temporal disorder when θ0=π/2. In the plot we use the acronymATQW—Accelerated
Temporal-disorderedQuantumWalk. As the value of a increases, the particle delocalizes in position spacewhich
implies that the interacting coin operator dominates over the phase operator. A similar behaviour as seen for
spatial disordered case.

3.2. Two-particle
In order to introduce disorder in two-particle accelerated quantumwalk, we are using the samemethodology as
used in single-particle accelerated quantumwalk. That is, introduce a phase operator on each particle such that
final operator on the particle will be interaction operator qC

0
followed by phase operatorΦf. Phase operator on

the particleHilbert space for two-particle accelerated quantumwalkwill have the form,

Figure 13.Probability distribution for one-dimensional single-particle accelerated quantumwalk in disordered system for different
value of a averaged over 500-runs for 200-time steps. The initial state is Y ñ = ñ Ä = ñ∣ ∣ ∣x 0in . For higher value of a the distribution is
highly delocalized.
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Therefore, the two-particle evolution operatorwith two parameters θ0 andf before introducing disorder will
have the form,

q f º F Äf q( ) ( ) ( )( )W S C, 31x y N0 , 0
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such that the dynamics equationwhen the initial state of the two particle walk is Y =∣ ( )⟩0x y
p
,
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In the above expressionparameters arepositiondependent suchas,θ0hasbeenwritten asθ(x,y) to represent theposition
dependent value in generic form.Thefinal state at (t+1) is Y ñ = å Y + ñ + Y + ñ∣ ( ) (∣ ( ) ∣ ( ) )t t t1 1p
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From the equations (34)–(37), it is clear that given coin operator y and y evolves in superposition of y and
y and similarly, y and y in superposition of y and y, respectively as it was discussed for evolutions
without phase operator. Therefore, the dispersion relation between the y and y for the given evolution
operatorwhen coin parameter at all sites is θ0 andf for two-particle accelerated discrete-time quantumwalk is
given by,

w f q f k+ = +( ) ( ) ( ) ( )cos cos cos . 380 1

Similarly, the dispersion relation between y and y for two-particle when coin parameter at all sites is θ0 and
f is given by,

f w q k+ =( ) ( ) ( ) ( )cos cos cos . 390 2

The expression for state of two-particle discrete-time quantumwalk shows that coin state  ñ∣ and  ñ∣
will evolve the particles in -x direction and coin state  ñ∣ and  ñ∣ will evolve the particles in -y direction in
two-dimensionwhen the initial state of the particle is symmetric or same. Therefore, above formulation can be
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written in one-dimensional position spacewhen the initial state in coin space is one of the four basis state.
In two dimensional position space, using transfermatrix with the redefined component fields, Y =( )x y

p
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The transfermatrixTx,y at position (x, y)will be of the form,
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Equations (40) and (33) shows that introducing disorder in either of the coin parameter θx orfxwill lead to
spatial and temporal disorder, respectively. Therefore, like it was done for single-particle quantumwalkwewill
introduce disorder infx andwewill accelerate parameter θ as, q q= -et

at
0 where a is the acceleration in the two-

particle acceleratedwalk. For further study of two particle quantumwalk, wewill analyse the initial state
 ñ Ä = ñ Ä = ñ∣ ∣ ∣x y0 0 therefore the study reduces to one-dimension as evolution in Hpy

is zero for the
given initial state.

Figure 14.Probability distribution for two-particle acceleratedquantumwalkwith spatial disorder fordifferent valueof awithinHilbert-
spacepx

.Coinoperator is an entanglingoperator followedby thephase operator and initial state is y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in .
For this initial state probabilitydistribution inHilbert-spacepy

is zero.Theparticledelocalizes for higher valueofa.

Figure 15.Probability distribution two-particle acceleratedquantumwalkwith temporal disorder for different valueof awithinHilbert-
spacepx

. Two-particle coinoperation is followedby the phase operator and initial state is y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in . For this
initial state probability distribution inHilbert-spacepy

is zero.Theparticle delocalizes for higher value ofa.
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3.2.1. Spatial disorder
The spatial disorder in two-particle accelerated quantumwalk in one dimension is introduced by a position
dependent phase parameterfx as from the transfermatrix in equation (41) it can be seen thatΨx depends on the
phase parameterfxmoving fromone site to another.fx can be randomly picked for each position from the
range 0�fx�π. The state after time twith spatial disorder using position dependent phase parameterfx and
accelerated θ parameter will be,

q f q f q fY ñ = ¢ ¢ ¢ Y ñ∣ ( ) ( ) ( ) ( )∣ ( )t W W W, ... , , , 42x
p

S x t x x x x x in
p2

2 1
2

where f f¢ º å Ä ñá( ) [ ( ) ∣ ∣]W W x xx x x . The iterative formof the state of the particle at each position x and time
(t+1)will be identical to equation (33) by replacingfwithfx. Figure 14 shows the accelerated two-particle
quantumwalk for different values of awith spatial disorder. Higher the value of a, the particle delocalizes which
implies that at higher value of a the interaction operatorCθwith θ=θ0e

− at dominates over the phase operator
in coin operation. Figure 14 shows probability distribution for different value of acceleration. As the acceleration
in the system increases, the particles in position space delocalizes as the entangling operator dominates over the
phase operator.

Figure 16.Probability distribution for two-particle accelerated quantumwalk (AQW) in positionHilbert space px
with spatial

(ASQW) and temporal (ATQW) disorder for different value of a. Coin operator is an entangling operator followed by the phase
operator and initial state is y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in . The particle delocalizes for higher value of a. The spread is always
maximumevenwhen compared to the delocalized distributionwith disorder.

Figure 17.Entanglement between the particles of coinHilbert space in two-particle accelerated quantumwalkwith spatial disorder
(ASQW) for different value of a. Initial state is y =   Ä = Ä =∣ ⟩ ∣ ⟩ ∣ ⟩ ∣ ⟩x y0 0in averaged over 1000- runs. For larger a
entanglement dies faster in time.
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3.2.2. Temporal disorder
The temporal disorder in the two-particle discrete-time quantumwalk can be introduced by a step dependent
phase parameter ft , randomly picked for each step from the range  f p0 t . The state after time twith
temporal disorder using step dependent phase parameterft and accelerated θ parameter will be,

q f q f q fY = Y∣ ( )⟩ ( ) ( ) ( )∣ ⟩ ( )t W W W, ... , , . 43p
T t t t in

p2
2 2 2 1 1 1

2

The iterative formof the state of the particle at each position x and time (t+1)will be identical to equation (33)
with only a replacement off(x,y)withft. Figure 15 show the probability distribution of the accelerated two-
particle quantumwalk for different values of awith temporal disorder. Higher the value of a, the particle
delocalizes which implies that at higher value of a the interaction coin operator dominates over the phase
operatorwhich is similar to the spatial disordered and single-particle case. Figure 16 shows a comparison of the
probability distribution for accelerated two-particle quantumwalk, with andwithout spatial and temporal
disorder for different value of awhen θ0=π/2. Spatial disorder for small value of a shows a strong localization
compared to the temporal disorder.When acceleration dominates over disorder the probability distribution
delocalizes for both, spatial and temporal disorder. This can be seen by comparing the distribution for a=0.02
(delocalized) and a=0.002 (localized). However, spread of the distribution is always wider in absence of
disorder when compared configuration of leading to deloclization in presence of disorder.

Figure 18.Entanglement between the coin and positionHilbert space px
in two-particle accelerated quantumwalkwith spatial

disorder (ASQW) for different value of a as function of time (steps). Initial state is y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in averaged over
500- runs. Entanglement between coin and positionHilbert space py

is zero as the probability distribution in thisHilbert space is

zero for the given initial state. For larger a entanglement reachesmaximumvalue faster in time.

Figure 19.Entanglement between the particles of coinHilbert space in two-particle accelerated quantumwalkwith temporal disorder
(ATQW) for different value of a. Initial state is y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in averaged over 1000- runs. For larger a
entanglement dies faster in time.
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3.2.3. Entanglement in two-particle accelerated quantumwalk with disorder
Figures 17 and 19 shows negativity asmeasure of entanglement between the two particles for different values of a
for a two-particle accelerated quantumwalkwith spatial disorder and temporal disorder, respectively. Figures 18
and 20 shows negativity asmeasure of entanglement between the particle and positionHilbert space for different
values of a for a two-particle accelerated quantumwalkwith spatial disorder and temporal disorder, respectively.

The entanglement for the delocalized case decays faster then the localized case in two-particle accelerated
quantumwalkwith spatial and temporal disorder. This can be seen by comparing the values in the figures 11, 17
and 19, respectively. For a=0.002when the particle is localized, entanglement decays faster but entanglement
reaches to itsmaximumvalue slower in localized case when compared to delocalized casewhen a=0.02.
Entanglement decays faster for two-particle accelerated quantumwalkwithout disorder when compared towalk
with spatial and temporal disordered system in one dimension as shown infigures 21 and 22. It can be seen that
maximumentanglement between the particle is found in the accelerated quantumwalk but entanglement stays
for longer time for spatial localized accelerated quantumwalk. It happens because in localized case both the
particle’s probability amplitude superimpose in localized position spacewith stronger interference to give
entanglement between the particles and hence its decays slower then the entanglement between the delocalized
case.Maximum the spread in the position space faster is the death of the entanglement between the particles
evolving in position space. The entanglement between the particle and position space for standard accelerated
quantumwalk, accelerated quantumwalkwith spatial disorder and temporal disorder for the two-particle walk

Figure 20.Entanglement between the coin and positionHilbert space px
in two-particle accelerated quantumwalkwith temporal

disorder (ATQW) as function of time (steps) for different value of a. Initial state is y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in averaged over
500- runs. Entanglement between coin and positionHilbert space py

is zero for the given initial state. For larger a entanglement

reachesmaximumvalue faster in time.

Figure 21.Comparison of entanglement between the coinHilbert spaces for two-particle accelerated quantumwalkwith a=0.002
which is the localized case. Two-particle coin operator with θ0=π/2 is followed by the randomphase operator and initial state is
y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in averaged over 1000- runs. Entanglement dies of faster for accelerated quantumwalkwhen
compared to accelerated quantumwalkwith disorder which stay higher for significantly longer time.
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is shown infigures 10, 18 and 20, respectively. Similar to single-particle accelerated quantumwalk, for higher
value of a particle reaches themaximumentanglement in short time for standard accelerated quantumwalk as
well as for disordered quantumwalk and remains constant with time.

4.Discussion and concluding remarks

In this workwe have introduced accelerated discrete-time quantumwalk and studied the dynamics of single-
particle and two-particle system. For a single-particle quantumwalk, introduction of acceleration into the
system increases the rate of spread of the probability amplitude over the position space. It also results in
enhancement of entanglement between the particle and the position space and reaches amaximumvalue in
shorter time. Entanglement between the position and particle in the single-particle quantumwalk reaches its
maximumvalue faster with increase in acceleration and then saturates at themaximumvalue. The increase in
entanglement seenwith time dependent coin operation causing acceleration allies well with the earlier results of
increase in entanglement between particle and position space due to random coin operation for each time
[26, 58]. Thus, one can corroborate that the enhancement of entanglement is in general due to the time
dependent quantum coin operation and enhancement due to randomness in time is a specific case.

In two-particle case, the dynamics was defined by taking into account the bosonic and fermionic nature into
account and that restricted the dynamics to only one dimensional position space. For the two-particle case also
the acceleration in the system spreads the probability amplitude faster in position space. In a regular quantum
walk themaximum spread is achieved onlywhen q  00 but that happenwithout any interference of the
particle in position space. But in accelerated quantumwalk samemaximum spread is achieved alongwith
interference effect.We have explicitly studied the effect of acceleration parameter a and how the rate at which the
probability distribution spread and entanglement of the system change.

In a standard quantumwalk (without acceleration)with disorder wewill see localization but in accelerated
quantumwalkwith disorder localization is seen onlywhen the acceleration is very small. As acceleration
increases the systembecomes delocalized because, the increase in acceleration increases the perturbation in the
unitary operator and that dominates over the disordered phase parameter in the system. From this studywe can
see a promise in the direction ofmodelling the dynamics of quantum systemswhere the transition from
localized to delocalized state is an important phenomena. For both, spatial and temporal disordered quantum
walkwith acceleration, the entanglement between the two particles increase with acceleration, reaches the
maximumentanglement value faster and decays faster too in time. This implies that the entanglement between
the interacting particles stays for a longer timewhen the value of acceleration is smaller when compared to
higher value of acceleration forwhich the particle is delocalized. It could be because the superposition and
interference between the particles wave function in two-particle accelerated quantumwalk ismore than the
interference effect in localized discrete-time quantumwalk.

The two-particle quantumwalk system in this paper is similar to the condensedmatter Isingmodel with is a
special case ofHeisenbergmodel. The generalisedHeisenbergmodel forN spin-1/2 particle is described by the
Hamiltonian,

Figure 22.Comparison of entanglement between the coinHilbert spaces for two-particle accelerated quantumwalkwith a=0.02
which is the delocalized case. Two-particle coin operation θ0=π/2 is followed by the randomphase operator for spatial and temporal
disordered accelerated quantumwalks. The initial state is y ñ =  ñ Ä = ñ Ä = ñ∣ ∣ ∣ ∣x y0 0in averaged over 1000- runs.
Entanglement dies of faster for accelerated quantumwalkwhen compared to accelerated quantumwalkwith disorder.
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where Sα=σαwithα=x, y, z are Paulimatrices and γ is the degree of anisotropy in the system. As g  1
model tends to the Isingmodel with the spin components in the x- direction completely ordered and -y and -z
component completely disordered.We have considered a one-dimensional two-particle discrete time quantum
walk to be ordered in x- direction therefore γ=1 and since its a two-particle interaction thereforeN=2 and
hence theHamiltonian for two-particle quantumwalk is given by,

= Ä ( )H S S , 45x x
1 2

where S x=σxwhich is Paulimatrix. The accelerated two-particle quantumwalk is similar to the Isingmodel
with perturbed Isingmodel. The acceleration is introduced in the systemby accelerating the quantum coin
angle. The coin operation is given by,

=q
q- ( )C exp 46i H

t
t

where q = p -expt
at

2
and a is the acceleration in the system.Disorder in the system is introduced by

randomizing the value off in the Phase operator. randomizingf at each position in the position space gives
Anderson localization and randomizingf at each step in the position space gives weak localization.

The connection of quantumwalks dynamics withDiracHamiltonian andDirac cellular automata along
with this intriguing connections between acceleration, entanglement generation and localization pavesway for
further investigation towards understanding the role of acceleration,mass and entanglement in relativistic
quantummechanics and quantumfield theory. This work shows a promise in the direction ofmodelling
accelerated single-particle and accelerated—interacting two-particle quantum systemdynamics using
controllable quantumwalks. Though these studies provide an additional operational tools for quantum
simulations using quantumwalks,more analytical studies are still required to explicitly formalize some of the
observations related to entanglement behaviour in the systemwithmore than two particle.
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